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^ ' Abstract 

I study a Lindblad dynamics modeling a quantum test particle in a Dirac comb that collides with 
particles from a background gas. The main result is a homogenization theorem in a semi-classical 
limiting regime involving large mass for the test particle and a rescaling for the strength and period 
of the Dirac comb. Over the time interval considered, the particle would exhibit essentially ballistic 
Q-ij motion if either the singular periodic potential or the kicks from the gas were removed. However, 

the particle behaves diffusively when both sources of forcing are present. The conversion of the 
motion from ballistic to diffusive is generated by occasional Bragg reflections that result when the 
test particle's momentum is driven through a collision near an element of the half-spaced reciprocal 
lattice of the Dirac comb. 



> ! 1 Introduction 
in 

The production of periodic light force potentials for atoms and molecules in laboratory settings has 
enabled the experimental examination of several fundamental quantum phenomena, which include: 
Bose-Einstein condensation, Bloch oscillations, Zener tunneling, and Bragg scattering [HEldj. Bragg 
scattering of particles from optical gratings yields a particularly vivid picture for the wave-like nature of 
matter predicted by quantum mechanics |181 [9] . This enhanced quantum scattering is a consequence 
of the wave coherence amplifications that periodic media generate. 

In this article, I demonstrate that a mesoscopic particle in a singular periodic potential can exhibit 
a strong diffraction- generated effect in the presence of a noise. In fact, the noise has a cooperative 
role in driving the test particle into temporary states in which coherence is developed through the 
Hamiltonian dynamics. Coherent superpositions enter the dynamics primarily in the form of Pen- 
dellosung oscillations and quickly collapse into classical superpositions between forward and reflected 
waves through collisions. The Pendellosung oscillations develop infrequently in comparison to the gas 
collisions, at instances in which the test particle's momentum is kicked close to a value such that 
the de Broglie wavelength is an integral fraction of ir~ 1 multiplied by the potential's period, i.e., mo- 
menta satisfying the Bragg condition for reflection. Nevertheless, the test particle undergoes Bragg 
reflections frequently enough to restrain its motion, yielding diffusive transport in contrast to the 
ballistic transport dominating when either the singular periodic potential or the noise is removed. If 
the periodic potential is smooth rather than singular, then diffractive effects will be negligible. 

The mathematical results of this article extend those from [6], which considered the same quan- 
tum model under different parameter scalings. The previous work focused, firstly, on the derivation 
of a classical Markovian dynamics governing the momentum distribution in a semi-classical limit of 
the original quantum dynamics and, secondly, on a central limit theorem for the time integral of 
the classical momentum process. More precisely, the "momentum" process was associated with the 
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extended-zone scheme momentum for the periodic potential. Although [6] provided a heuristic argu- 
ment that the spatial transport behavior for the original quantum model should be closely related to 
the behavior found in the time integral of the idealized momentum process, the mathematical connec- 
tion was not clear. The analysis here shows that the quantum model transport in the specific limiting 
regime considered reduces to the classical process studied in detail before. 



1.1 Model and result 

I will consider a quantum Markovian dynamics in which the state pt of the particle at time t E M+ 
is a density matrix in the space of trace class operators Bi(H) over the Hilbert space % = L 2 (M), 
and whose time evolution is determined by the Lindblad equation (|1.2j) . For concreteness, I take the 
initial state to be p = |f))(g|, where the wave function g E H has a Gaussian form in the position 
representation given by 

_ * 2 

■ x e 

Q(x) = eW- - T , 6,p>0. (1.1) 

(2vr6 2 )4 

In words, the test particle begins in a pure Gaussian state concentrated around the origin in position 
and traveling to the right with momentum p. For the Hamiltonian H and the completely positive 
map \P : B\{T-L) defined below, the dynamics in the Schrodinger representation is determined by the 
quantum Kolmogorov equation 

f t p t = ~[H, Pt ] +9(fH) - \{^(I),Pt}- (1.2) 
The Hamiltonian is a Schrodinger operator with a periodic 5-potential (Dirac comb) given by 

where P := — i^J^ is the momentum operator, X is the position operator, M is the mass of the test 
particle, a > is the strength of the potential, and a is the period. The map \E' describes the noise 
and has the continuous Kraus form 

tf(/o)= / dvj(v)jl x pe~^ x , (1.3) 
Jm 

where p E /3i(%) and j(v) E L 1 (M) is the rate-density for momentum kicks of size v. I will assume 
that the rates have the reflection symmetry j(v) = j(—v) and satisfy that a := J K dv j(v) v 2 is finite. 
In (II. 2p . is the adjoint map ^f* evaluated for the identity operator / on T~L, and it is easy to 

compute that = KI for TZ = J R dvj(v). 

I will study a limiting regime of the dynamics in which the constants p, M, h, a, a scale with a 
parameter < A <C 1 as follows: 

p = Po A-2, M = Af A -1 , h = h \ 1+s , a = a \ 2+ e, a = a A 1+e , (1.4) 

for fixed constants po, Mq, Hq, ao, ao and some exponent g > 0. I will also take the spatial width b of 
the initial Gaussian state to scale proportionately to the spatial period a of the potential: b = 6oA 1+e 
for some &o > 0. The value b could be much larger, although it must be smaller than the spatial 
scaling for the central limit theorem in Thm. 11.21 Since the initial state and the solutions to the 
master equation (|1.2p depend on the parameter A > 0, I will denote them respectively by p\ and p\ t t- 
I will have the following technical assumptions on j{v): 

Rate assumptions 1.1. There is a w > such that 
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1. J R dvj(v) e r \ v \ < w for some r > 0, 

la — — la 

3. inf rrt zh]j{v) > ■ 

L (7. ' n J 



Define the constants v := 7 ^^°"° and $ := -jj^z- The theorem below states that the position 

distribution for the test particle at time ^ for A <C 1 and 7 G (4)1) is approximately a Gaussian 

7 _ i 

distribution with variance Ti9 when normalized by the factor A 2 4 . 

Theorem 1.2. PzcA; ^ < 7 < 1 and £ > 7. Let p\j be the solution to jll.2\) under the parameteriza- 
tion {l-4\) and D\ t G L 1 (M) be the density determined by p\j for the position distribution. Define the 
measure /Ua,t to have the density: 

— -j_(x) = A2 4D T (A 2 41 . 
dx A '~ 

For each T G R+, the measures fi\,T converge in law as A — > to a mean-zero Gaussian with variance 

Theorem 11.31 characterizes the test particle's motion without the Dirac comb or the random kicking 
from the gas. In those situations, the test particle retains an effectively ballistic motion with speed 
■p, and the position distribution at time ^ is centered around the location = ^f-^ 5 " 7 - in 

particular, diffractive effects do not appear without the aid of random kicks from the environment. 

Theorem 1.3. Let 7, g, D\ t , and p\ t be as in Thm. \1.2\ except with a = (no Dirac comb) or ^> = 
(no noise). Define the measure H\t to have the density: 

= X> >D X ^ ix). 

For each T G R + , the measures ^a,t converge in law as A — > to a 5 -distribution at -7^- 

1.2 Discussion 

1.2.1 The Dirac comb 

1 D 2 



The Schrodinger Hamiltonian H = + OiY^ n& zS(X — an), a > is defined mathematically as 

h 2 d 2 

2M dx 1 



a particular self-adjoint extension of the symmetric operator — t^j-t^- with domain consisting of all 



L 2 -functions on R with two weak derivatives in L 2 (R) and that take the value on the lattice aZ, 
i.e., / G H 2 ' 2 (R) n {g \ g (an) = 0, n G Z}. The operator domain of the self-adjoint extension is the 
space of functions that have one weak L 2 -derivative in the domain R and two weak L 2 -derivatives in 
R — aZ, and that satisfy the boundary condition 

2aM , df df 
__/( an ) = — (an+) - —(an-) 
nr dx dx 

for each n G TL. The Dirac comb and other Schrodinger operators formed by linear combinations of 
5- functions are discussed extensively in [2]. 

The spectrum of the Hamiltonian H is continuous, and there are a continuum of kets \p)q, p£l 
and a dispersion relation E : R — > R + such that the Hamiltonian can be formally written as 



H= [ dpE(p)\p) 



Q Q ' 
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This representation is related to standard Bloch theory through the extended-zone scheme, and I will 
discuss the connection in Sect. [3j For the Dirac comb, the dispersion relation and eigenkets have 
closed forms. The dispersion relation is given by E(p) = 2]gq 2 (p) for the anti-symmetric, increasing 
function q : R — > R determined by the convention q(^^) = for n G Z — {0}, the Kronig- Penney 
relation for p G I 



a 



,a N ,a . ,x uM . ,a . .\ _ N 

cos(-p) =cos(-q(p)) +^ysin(-q(p)), (1.5) 

2 

and continuity at zero. The dispersion relation E(p) has a roughly parabolic shape E[p) « t|W + ^ 
except for momenta near the lattice values p = n G Z, where there are gaps gr n := \E( m ^+) — 
E(S^-)\. The kets \p) Q can be constructed as discrete combinations of the standard momentum 
kets: 

\p)q = ^2 7 l(P, m )\p + ( 1 - 6 ) 
where the coefficients r)(p,m) satisfy ^mez \ r l{Pi m )\ 2 = 1 an d have the form 



V (p,m) := -iN p 5 (eiKiW-P) - l) ^ 



1 1 



q(p) + p + q(p) - p - 



for a normalization constant N p > 0. 



1.2.2 The noise and Lindblad dynamics 

The physics literature on decoherence and matter-wave optics includes many experimental |12[ [TB] 
and theoretical [HI [TUl [ISl [13 [2l] studies in which a quantum noise of the form (jl.3p appears. The 
noise map ^ satisfies the Weyl covariance relation 

q( e iaP+ibX pe -iaP-ibXj = jaP+ibXy^-inP-ibX^ a, 6 G R. (1.7) 

This means that the rate of collisions is invariant of both the position and the momentum for the test 
particle. In particular, the noise does not generate dissipation in energy, since it does not include any 
frictional contribution that would systematically drag a "high momentum" down to lower values. The 
noise predicts a gradual stochastic acceleration to higher momenta over time, which is apparent in the 
linear mean energy growth found in the model: 

Tr[Hp X;t ] = Tv[Hp Xfi ] + ^t. 

Nevertheless, the model is an accurate description of a massive particle interacting with a gas of 
light particles over a limited time period. A three-dimensional version is derived from a quantum 
linear Boltzmann equation in [231 Sect.7.1]. Also, there is a mathematical derivation from a singular 
coupling limit in [13J. Attention to the structure of completely positive maps and quantum dynamical 
semigroups satisfying the symmetry (jl.7p and other classes of symmetries can be found in the work 
of Holevo [H] . 

The quantum Kolmogorov equation f)1.2|) determines a unique strongly continuous semigroup of 
completely positive maps 3>A,t : that preserve trace: Tr[$x,t(/°)] = Tr[p]. Technical questions 

regarding the construction and uniqueness of the solution &\ t do not follow from Lindblad's basic 
result [19], since the Hamiltonian part of the dynamics is unbounded. I have discussed these technical 
issues in [BJ Appx.A], although the details are trivial due to the exceptionally simple form of the noise. 



4 



1.2.3 Physical picture 

For the scaling (jl.4p with A <C 1, I imagine the particles in the background gas to have mass Mq and 

2 2 

the reservoir to be at a fixed temperature The initial kinetic energy jjj = 2^ A of the test 

particle has the same order in A as the temperature /3" 1 . The parameter A = 4rjr is the mass ratio of 
a single reservoir particle to the test particle, and the A< 1 regime is consistent with the Brownian 
limit in which the noise term (II. 3D arises. The rates become approximately frictionless in the large 
mass limit, since the reservoir particles move at speeds on the order (jj^a)? compared to the slower 

speed = for the test particle. The collisions with the gas generate an unbiased random walk 

in the test particle's momentum with jump rate density j(y), and the fluctuations in the momentum 
over the interval t G [0, ■£■] will be of order 0-2(^)2 for small A. Thus, without the potential, the 
momentum will typically not deviate far from the initial value p on the scale of p = poA~2 itself, 
since 7 < 1. 

A typical matter-wave smeared over several period cells of the Dirac comb will have a potential 
energy on the order of ^ = 7^ A, which is small for A <C 1 in comparison to the kinetic energy of the 

2 2 

test particle = ^f^A°. The de Broglie wave will tend to transmit freely through the potential 
except for momenta near elements in — Z, which are those satisfying the Bragg condition for reflection. 
Each lattice momentum ™n, n G Z has a neighborhood with diameter roughly given by -^Si where 
Pendellosung oscillations between the reflected and transmitted waves appear non-trivially. More 
precisely, the "diameter" associated with the lattice element is an integral of reflection 

probabilities over the interval 2 " 2 ~ 1 > if ^^ l' which vanish away from the center ^n; see fll . lOf) . 
The diameters of the reflection bands contract more quickly as \n\ — > 00 for smooth periodic potentials. 
Since the test particle travels with a momentum near to p, any Bragg scattering that occurs will have a 
diffraction order with magnitude 2? oc A~2 1. Despite this high diffraction order, the Pendellosung 
oscillations in the reflection bands occur at a faster rate than the rate 1Z of collisions. To argue this 
point, I identify the minimal speed for the high-order Pendellosung oscillations with the value 



liminf inf — - 

|p|->oc nez, 2-kH 



2ttH 



E(p H n) — E(p) = liminf g 



1 . OL 



2txU n-s>oo n -jrha ' 



where g n is the nth energy band gap. However, -^f- = n ^ aQ A 8 is 3> 1Z for small A. The first equality 
above uses that the momenta p + and p must belong to different energy bands, and thus be 
separated by an energy band gap. In summary, the Pendellosung oscillations are nearly non-existent 
except for momenta in the reflection bands for which the oscillations are rapid. 

By the above considerations, the critical factor in determining the transport behavior stated in 
Thm. 11.21 is how frequently the test particle's momentum is likely to fall into the reflection bands 
randomly through kicks from the gas. The behavior of the test particle will be ballistic in nature if the 
reflections are infrequent, and in the contrasting scenario, frequent reflections will lead to cancellations 
in the test particle's motion that elicit a central limit scaling for the spatial dispersion. Since the test 
particle momentum does not deviate far from the initial value p, the relevant reflections bands are all 
approximately of width The setting can be reduced to the random walk on [ — ff 5 ) given 

by contracting the momentum of the test particle modulo — , and there is a single reflection band 
of diameter ^^ap cen t ere d around the origin. The contracted random walk is ergodic to the uniform 
distribution over the interval, and the probability of reflection after a generic collision is fg. The 
frequency of Bragg reflections is equal to the frequency of collisions multiplied by the local averaged 
probability for reflection after a collision: 7£-ff^ = 7 ^^°°° A~2 . Thus, there will be on the order of 

A2~ 7 3> 1 reflections over the time interval [0, X-]. 
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For T := j~, the following list summarizes the consequences for the A< 1 scaling regime: 
M 3> Mo Heavy particle limit 

2 

t|jj ^> ^ Kinetic energy is typically greater than the energy stored in potential 

craTa -c p Deviation from initial momentum through collisions over interval [0, T) is small 

2 ^ oc a 3 Reciprocal lattice spacing has the same order as individual momentum transfers 

inf ng z 3> 7?. Pendellosung oscillations in the reflection bands are rapid compared to collisions 

T ^gfM- oc A2~ 7 Number of Bragg reflections over time interval [0,T) typically has order A^~ 7 

M~WaM~ K A^e Typical distance traveled between reflections has order ^ 1+e = ao 

1.2.4 Semi-classical heuristics for the result 

The analysis in Sects. 017] reduces the proof of Thm. 11.21 to the study of a classical Markovian pro- 
cess (Yt,Kt) G M?, where Yt and Kt are defined below and have units of position and momentum, 
respectively. The analogous statement to Thm. 11.21 for the classical process is the following: For each 
T G R+, the renormalized random variables Y\t '■= A 2 *Yt_ converge in distribution as A — > to 

' AT 

a normal distribution with mean zero and variance Ti}. The classical process was my primary focus 
in [6], and Sects. [8] and 19.51 revisit some of the proofs that reduce due to the simpler setup of this 
article. The simplicity here is a consequence of the short time scales considered over which the posi- 
tion process does not have variable-rate diffusive behavior. If the time scale j& were replaced by 
then there would be fluctuations in the momentum on the order of the initial momentum p = A~2p ; 
however, this clearly complicates a characterization of the position distribution, since the diffusion 
rate $ = appearing in Thm. 11.21 depends on the initial momentum. 

The position component for the classical process is a time integral of the momentum Yt = Yq + 
jj L drK r , and the momentum component is a Markovian jump process for which the rate of jumps 
J(p,p') from p' G 1R to p G M. is given by 

J(P,P') ■= ^2j{p-P ~ \n p _ pl ^ n (p\ n) 

where the values n v (p,n) G C are defined through the coefficients appearing in (|1.6p as 

K v (p, n) := ^2 v(p + v H n ) 171 ~ n ) r ?(p 5 m )- (1- 

m£Z " 



_ 1 x '2_2b 2 f \2 

I take the initial distribution (Yq,Kq) G M to be in the joint density {itti)~ e 2S 2 " "7?~ VP p> ; which 
is the Wigner transform of the initial state p\. 

The values \n v (p, n)\ 2 satisfy the normalization X^ez \ K v(p, n)\ 2 = 1. It follows that the escape 
rate 1Z = f^dpJ(p,p') is invariant of the current momentum p' . A jump for the process Kt from a 
momentum p' G K can be understood as composed of a sum v + 2 ^n in which v G R has density 

and n G Z has conditional probabilities \k v (p' , n)\ 2 given p' and v. The component v is the 
momentum transfered to the test particle through a collision with a gas particle, and 2j ^n is the 
momentum transfered through Bragg scattering. When \p\ 3> ->p, the Bragg scattering component 
approaches an ideal form monopolized by transmitted and reflected waves: 



\n v (p, n)\ 2 



1-II_(§0) n = 0, 

n_(fe) 



n = — n, 
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where n G Z and 9 G [ — ff> ff) are determined by 



n = — m + u — 0) with y =p + timod — , 
irn a 



and the probability II_ : R — )■ [0, 1] is defined through 



1 I aaM \ 2 

IL» :- 71 



Notice that p + v — ~ — p — v is approximately a reflection of p + v. 

Since the Bragg scattering is dominated by reflections and the collisions with the light particles 
from the gas typically do not generate large fluctuations in the massive test particle's momentum 
within the time interval [0, the absolute value of the test particle's momentum will satisfy 

sup li— ^ ^ < 1. (1.9) 

Consequently, the reflection probability n_(^0) is approximately equal to The reflection 

times are effectively determined by a series of coin flips with probabilities n_(^# n ) that depend 
only on the values 9 n G [— ) of the contracted momenta Kt n = # n mod — at the collision times 
t n , n G N. The chain n is Markovian with transition density from 9' G [— §|, ) to 6* G [— §f , ) 
given by 

;j(0-0' + -n). 



-7? X/- 



ft 

Since the chain is exponentially ergodic to the uniform distribution over the torus, the probability of 
reflection at a given collision time is nearly 

4 f deu(^-e) « g£ = (i.io) 

2a 

Thus, the number of Bragg reflections Nt for times i G [0, ^] behaves as a Poisson process with rate 
^■f^p = p' smce the collisions have rate TZ. 

— 2-4-- 

To motivate that the spread in position scales proportionally to A 2 + 4, I will again use that the 



absolute value of the momentum deviates little from the value p as in (jl.9p by replacing the momentum 
Kt by the process (— l) Nt p. In other words, the momentum effectively flips between the values p and 
— p with Poisson rate — . The random variable Yt_ is approximately 



N T 

JIJ n=0 
N T 

AT 

... P V-/ _ P 



n=0 

2 

where r n are the reflection times. The second approximation above neglects an additional when 
is even. The random variables r n+ i — r n are close to being independent mean-2 exponentials, 

and thus r n+ i — r n — £ has nearly mean zero and variance ^p. The expression (jl.lip is a central limit 
theorem-type sum including around N_r_ ~ terms and having variance 
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Therefore, the random variable A 2 ^Yt should be expected to be distributed approximately as a 

AT 

Gaussian centered at zero and with variance Tt? when A is small. 

1.3 Organization for the article, preliminary notation, and unit conventions 

1.3.1 Organization 

1 will adopt a top-down organization for the mathematical content of this article: 

• Section [2] includes the proofs for Thms . [L2l and [L~3l following statements of the main propositions 
that enter into those proofs. 

• Sections [3] and 2] discuss the symmetries relevant to the dynamics and the structures necessary 
to formulate them. 

• Sections 01S1 each include a proof for one of the propositions stated in Sect. [5] and the statements 
for propositions supporting the proof. 

• Section [9] contains the proofs for the propositions stated in Sects. [3KHJ 

1.3.2 Notation 

The following is a partial summary of notation. Let f) be a Hilbert space, b be a Banach space, m be 
a measure space. 

Sets: T Torus identified with the Brillouin zone [ , — ) 

a a 

I a Spatial interval [— — , — ) 

Spaces: 6(b) Bounded operators over the Hilbert space f) 
61(f)) Trace class operators over the Hilbert space b, 
62(f)) Hilbert-Schmidt operators over the Hilbert space f) 

Norms: L p -norm for p £ [l,oo] and a measurable function / : m — > b 

\\G\\ Operator norm for a linear map G : b — > b 
||/3 ||i Trace norm for an element p € 61(f)) 

Note that the trace norm has a boldface subscript. 

1.3.3 Unit Conventions 

The reader should not forget that the quantities p, M, h, a, a, and b each scale with < A < 1. I 
will follow the convention that the bounding constants C > in the statements of propositions are 
unitless. Also, I will often insert - = — and » ° as reference units for momentum and energy, 
respectively. 

2 Proofs of Theorems [L2] and O] 

The proofs of Thms. [L2l and [L~3l are contained in Sects. [2TT1 and [2T2l respectively. 
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2.1 The diffusive case 



I will go through the main part of the proof for Thm. 11.21 after defining notation and stating the main 
technical results that the argument depends upon. The goal of the analysis in the quantum setting 
is to approximate the relevant quantities by analogs corresponding to the classical process (Kt,Yt) 
discussed in Sect. ll.2T%l To reach the classical quantities, there are three intermediary approximations, 
which are roughly characterized by the following: 

(I). Momentum to extended-zone scheme momentum approximation: The integral kernel 
(pi\P\ \P2) f° r the state p, t_ in the momentum representation encodes the limiting spatial 

' AT 'AT 

diffusive behavior in the region near the diagonal p\ = P2] see the proof of Thm. 11.21 below. 
However, the state p x t has nearly the same integral kernel in the momentum representation 
and the extended-zone scheme representation. Propagation for the position variable can effec- 
tively be treated as if it were generated by the extended-zone scheme momentum rather than 
the standard momentum. 

(II). Quantum Freidlin-Wentzell limit: The evolution of the density matrix p\ t over the time 
interval r G [0, ■£] has an approximate decomposition in the extended-zone scheme representa- 
tion that emerges for A <C 1 . The limiting decomposition is such that the off-diagonal functions 

r i (k) i 

|pA,t|g ^ L (k) formally defined through 

are approximately given by $^[/?a]q f° r a contractive semigroup of maps <fr^] : L 1 (M). 
The dynamics along the off-diagonal fibers of the density matrix are thus approximately au- 
tonomous. This feature is a consequence of the relatively fast time scale of the Hamiltonian 
dynamics compared to the noise and is analogous to Freidlin-Wentzell theory for classical dy- 
namics [8]. 

(III). Semi-classical approximation: Fiber decompositions such as in the idealized form re- 
marked upon in (II) are characteristic of translation covariant dynamics. The Markovian 
process (K t ,Y t ) has a translation covariant law, so an analogous decomposition applies. Let 
V\t G -L 1 (M 2 ) be the joint density for the random variable (K t ,Y t ). For each k G R, there is 

a contractive semigroup T^ fe ] : L X (1R) such that T^T^q = 'Pyt ^ or an ti mes t G M+, where 

Vyfl := L dxV\ t t(x,p)e lxk . The semigroups $^ and T^ fc ] are close for small k, and through 
this connection the problem reduces to the classical case. The approximations depend on h 
being smaller than other relevant comparable scales. 

Let *f] : L X (R) be the semigroup with generator C\ : k that acts on elements / £ T := {/ G 
L 1 ^)! J R dp\p\\f(p)\ <oo} as 

(A,*/) (P) = - ~ (E(p - ^) - E{p + ^))f(p) 

-nf(p)+ [ dp'j Xtk (p,p')f( P '), 



where the kernel J\,k is defined as 

J\,k(p,P f ) = ^2j(p ~ P ~ n)K p -pi-n{p - %r, n)K p - p >- n (p' + n) (2.2) 
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for K v (p, n) given by (|1.8p . The operator C\ t k is closed when assigned the domain T, and the semigroup 



(fc) 



\ t — e <£A ' fc is contractive. The semigroup of maps : L X (R) is defined to have generator C' Xk 

(2.3) 



with domain T and operation given by 

(C' x>k f)(p) = ig/(p) + ^dp'(j(p,p')f(p') - J{p\p)f{p)). 



For fc£K and p 6 let [p]( fc ) € L 1 (R) be defined analogously to [p]^ as 

[p]«(p) := (p- ^|p|p+— ). 

The functions [p]^ and [p]q^ are extractions from the off-diagonals for the kernels of p in the mo- 
mentum and extended-zone scheme momentum representations respectively, and these objects are 
discussed more rigorously in Sect. [3l The descriptions (I), (II), and (III) correspond respectively to 
Lem. 2.1, Thm. 2.2, and Lem. 2.3. 

Lemma 2.1. For T G R + , 7 G (|, 1) and t = ^-jp-, there is a C > smc/i i/iai /or a// A < 1 and 

1*1 < VI, 



!(*) 



' 1 - [Pa, 



< CA'. 



Theorem 2.2. For T G R+ and 7 G (|, 1), tfiere is a C > such that for all A < 1 and |fc| < 



2tt 

a 1 



[Pa,^ 



i(*) 



Q 



< CA 



e-7 



Lemma 2.3. T/iere is a C > suc/i i/mf /or all X < I, t £ R + , and |fe| < 



^i[PA 



V 



(k) 

\,t 



< C(A3 +Kt\^ + 2). 



2.1. 



Theorem 2.4. For T G R+ , i/ie processes Y\ = (Ai^^Yj., s G [0, T]j converge in law as A — > to a 
Brownian motion with diffusion constant i?. In particular, the characteristic functions of the densities 
G F X (R 2 ) satisfy the pointwise convergence as A — )• given by 



A ' AT 



dxdpV x jL{x-,p)e v ' 



e ~ k 



for u := A* 2/c. F/ie convergence of the processes Y\ is with respect to the uniform metric. 



Proof of Thm. \1.2l Let <Pa,t be the characteristic function for the probability measure Pa,t- To show 
that pa,t converges in distribution to a mean-zero Gaussian with variance Ti9, it is sufficient to 

TO 1.2 

prove that <pa,t(&) converges pointwise to e~~ . The characteristic function ipx,T{k) is equal to the 
following: 

<P\,T(k) := f dnx tT (x)e ikx 

-\ - We™ 



Te iwX ] = I dp{p\p x T\p + hu) 

J M. 



dp[p A) T]W(p), (2.4) 
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where u := A 2 ik. Without the formal computation with the kernel (pi\p x jr_|P2) above, the expres- 



sion on the fourth line of (|2.4p is equal to the first expression on the third line by Part (2) of Prop.[33J 

yield that the 



Since litl < §^ for small enough A, the results of Lem. 12.11 Thm. 12.21 and Lem 



' AT 



AT 



(«) 



>(«) 

A 



A" 



telescoping differences 

decay in the L 1 -norm on the order 0(X L ) for small enough choice of exponent 1 > 0. Thus, 

/ dp[p X T_] {u) (p)- f dpV^Ap) =0(X). 
Finally, by Thm. 12.41 there is convergence as A — > for each iGR: 



dpV^r (p) 

A ' AT 



dxdpV x ^{x,p)e 



e 2 



AT 



□ 



2.2 The ballistic cases 

It is natural to apply different techniques to prove Thm. 11.31 for the cases in which either the Dirac 
comb or the noise is set to zero. The scenario without the comb is mathematically trivial since the 
dynamics has a well-known closed form when viewed through the quantum characteristic function 
representation; see Lem. 12.51 When only the Dirac comb is present, the proof follows by a reduction 
of the strategy applied in the proof of Thm. 11.21 

For k £ R and t, A € K+, define the maps Uy},Uy) : L 1 (M) to act as multiplication by the 
functions 

^)(p) :=e -!K-f)-^+f)) an d ff$(p) := e»*S. (2.5) 

The following lemma holds for a more general class of quantum dynamical semigroups [13] satisfying 
a symmetry known as Galilean covariance. 

Lemma 2.5. Let p\ t satisfy the Lindblad equation il.ty) with a = and beginning from a density 
matrix p G Bi(H). The quantum characteristic function for pxt has the closed form 

Tr[p x , t e iuX+iqP ) = e^ d ''(^+i?(*- r ))-^ ))Tr[pe iuX+i (' ?+ i7*) p ], 
where (p{q) := L dvj(v)e iqv . 

Proof of Thm. \1.3[ Let u := A 7 ~2fc and denote the characteristic function for the measure ^a,t by 
<f>XT- By the proof of Thm. [TT2"| the function ip\ t can be written in the forms 



iuXl 



d P [p X T]W(p). 



(2.6) 
(2.7) 



The cases without the Dirac comb and without the noise are handled in (i) and (ii) below. It is 
sufficient in each case to show the pointwise convergence of ^at(&) to the value e 



iT 



P0 fc 

M 
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(i). By (12, 6j) and the formula for the quantum characteristic function from Lem. 12. 5( I have the first 
equality below: 



iTr [pe 



-g A/ g 2 86 2 Af 2 A 2 7 



e M o . 



(2. 



The Fourier transform p of j : R — > has second derivative bounded by a = f^dvv 2 j(v), and the 
Gaussian form for the density matrix p. 



first approximation follows since = jj^^ 2 *C cr 2 - The second equality is a consequence of the 



(ii). By (j2.7j) and the triangle inequality, 



¥>a,t(*o- / dpu { ;U P )[p^ u \p) 



< 



Pa t 

' XT 



i(«) 



+ 



'A,^JQ 



< B) T [PA 

A 'A7 



(«) 



(2.9) 



The difference [p x ] ^ — [p A converges to zero in the Z^-norm as A — )• by Lem. [2~Tl The density 



>XT J 



matrix evolved to time t G K+ is given by /9A,t = e ^ H pxe^ H and consequently [pA.tlcf ^ = ^V[pa]q ^ 
for fc' € R. A simplified version of the proof for Lem. 12.31 shows that there is a C > such that for all 

A < i, t g : 



and Ifc'l < 22L, 



Tj( k ')\x i( fc ') rr^Jrx 
X.t [PMq - U X.t IP 



(2.10) 



Since 7 < \ + | , the terms on the right side of (|2.9p converge to zero for small A. However, [p\]^(p) 



is equal to 



2b 2 
ttK 2 



b 2 u* ^ 2 

■e 2 e ft* 



I _ 2 i>l(p_ p )2 



which gives that 



dpt/fi (p)[pa] (u) (p) 



Mq g 2 8f> 2 M 2 A 2 7 



□ 



3 Bloch functions and the fiber decompositions 
3.1 Fiber decomposition for the Hamiltonian 

The invariance of the Hamiltonian H under spatial shifts by a G M+ is characterized by the commu- 
tation relation 

e^H = He^ p . (3.1) 

It follows that H acts invariantly on the eigenspaces of e^ p , which is the foundation for Bloch 
theory [22]. The Hilbert space 7i = L 2 (M) has a canonical tensor product decomposition H = 
L 2 (T) <g) L 2 (I a ) in which an element / G % is related to an L 2 -function /:¥—>• L 2 (I a ) through the 
partial Fourier transform 

= (A) 1 E e " if ^/(^ + an), x G X , 
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where the argument (ft G T of / is placed as a subscript. The commutation relation (J3JJ) implies that 
there are self-adjoint operators H^, (ft G T defined on dense domains of L 2 (Z a ) such that (Hf)^ = H^f^. 
The operators have the form 

H ^ ( _ ^ (a) 

where (J^r)^ is the self-adjoint extension of the second derivative over the domain (— 1,0) U (0, |) 
with the boundary conditions 

2Ma , , do , do , N 

«(-§) = ^Mf), 

3.2 Bloch functions 

The eigenfunctions for the operators Ha, (ft G T have closed forms in the case of the Dirac comb, which 
are Bloch functions ip p G L 2 (I a ) for p = (ft + with n£Z given by 



V> p (x) = A" p 



j|g^l e -if q(p) + e i|(q(p)-p) e if q(p) _§ < x < 0, 

(3.2) 

e ^(q(p)-P)_! -ifqfo) if q(p) Q < a 



where N p > is a normalization, and q : R — > M is defined in the Kronig-Penney relation (|1.5p . 
I denote the Bloch functions for the momentum operator by ip p := a"2e'« p . For |p| » 2|£, then 
|q(p) w |p, and the Bloch function ?/> p is approximately equal to ift p except for p near an element 
of the lattice ^Z (see Lem. 13.11 below). Under the usual conventions, the eigenvalues E^^ and 
corresponding eigenvectors ipN,<j> f°r the Hamiltonian are labeled progressively > -EW,</> by 

the famd index iV G N and the quasimomentum G T. For 7^ — ^,0, the extended-zone scheme 
parameter p G R is determined by the pair N, (ft through the relations 



, 27rh 

> mod , and A 



^\p-cft\ S(p) = S(cft), 
±\p-cft\-l S(p) = -S(cft), 



where S : R — > {±1} is the sign function. The assignment convention for the measure zero set 
(ft G { — — ,0} is not important for the purpose of this article. 
Let 6 : R -> [-§f , §f ) and n : R -> Z be defined such that 

G(p)=pmod — , n(p) = —(p — Q(p)) . (3-3) 
a 7m 

Also, define /3 : R — ?■ R such that /3(p) := ^n(p)Q(p). Lemma 13. II bounds the difference between the 
Bloch functions ip p , ip p , and the proof is contained in the proof of [6, Lem. 4.1]. 

Lemma 3.1. There is a C > such that for all A < 1 and p G R, 

C 



h p-%\\2 ^ 



1 + If/3(P) 
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3.3 Dissecting a density matrix 

There are various substructures for a density matrix p G B\{T-L) that are useful to identify and define 
rigorously. Recall that an element / G 7i can be identified with an element / G L 2 (T, L 2 (I a )) through 
the tensor product decomposition T~L = L 2 (T) (g) L 2 (Z a ). For an Hilbert- Schmidt operator p G ^("H), 
there are operator coefficients £^\p) G B2(L 2 (l a )) defined a.e. (4>,k) G T x [— through the 
relation 

(f\pg) =hf d^dK(^_ ¥ \tf\p)g^ +¥ ) (3.4) 



Tx[--,- 

L a ' a 



for all /, g G %. The operators (p) '■ L 2 {X a ) are merely the blocks associated with the Hilbert space 
tensor product L 2 (T)(g>L 2 (Z a ) with a parameter rescaling in the off-diagonal direction by h . When p 
is trace class, the operator coefficients £^ (p) can be taken to be in B\ (L 2 (Z a )) and are determined in a 
stricter sense than a.e. (0, k) G T x [— f , f ): For each k G [— f, | ), the operators £?\p) G £>i(L 2 (Za)) 
are defined a.e. G T. In fact, for all k G [— ^, ^), the function fS K \p) that sends G T to £^\p) 
can be regarded as an element in L 1 (T, Si(L 2 (X a ))). 

The function £( K \p) : T — > Bi(L 2 (I a )^ is defined in the lemma below though the Banach algebra 
At C B(H) of operators that commute with £n p . The algebra At is isometrically isomorphic to 
L°°(T,B(L 2 (l a ))). Elements G e At are identified with elements G G L°° (T, B{L 2 {Z a ))) through the 
equality 

</|Gg) = / d4(f*\G<t>9<t>), f,9ZU. 



Lemma 3.2. Let p G B(H) and k G [-f , 2). T/iere is a unique function £^ K \p) G L 1 (T, Bi(L 2 (Z a ))) 
satisfying that for all G G At, 

Ti[pe^ x Ge^ x ) = f d^Tr^ (p)e^ Xj G^ XT ], 



where Xt G B(L 2 (I a )) acts as the multiplication operator (Xjf) = xf(x) for f G L 2 (I a ). Moreover, 
the norm for £( K \p) has the bound ||^ (p)||i < ||p||i. 

Recall that [p]g and [p]^ are formally defined to be functions of p G K given by g(p— ^t|p|p+^t)q 
and {p — ^-\p\p + respectively. I interpret the mathematical definitions for expressions involving 
kets as referring to analogous expressions formulated in terms of Bloch functions and the tensor 
product decomposition % = L 2 (T) <g) L 2 (I a ); for instance, 

Q (p- y|p|p + y> q ■={%- f\ £( f^\%+f > and 

for 0, G T equal respectively to p, fife G M modulo Finally, I also define (p)^ G L X (T) for 

k G [— ~, ~) and p G £>(%) such that (p)x^ '■= Tr[A"'' (/?)]. In future, the expressions £p k \p) and (p)p^ 

for G R should be understood as (p) and (p)^ for k,p related to k,4> as before. 

The inequalities in Prop. I3T31 and I3T41 are all consequence of the Cauchy-Schwarz inequality. 

Proposition 3.3. Let p G Bi(H), and define \p\ := \/p*p and |p|* := -y/pp* ■ 

1. Let f(f),g(fr G L 2 (X a ) be square integrable functions of the parameter (j) G T. For each k G [— ^, -), 
the following inequality holds for a.e. (j) £ T: 

K^i4rW>i < (M^(\p\*)u)H9M^i\p\)9^- (3-5) 
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2. For any k G [-f, \ ) and a.e. (j> G T, 

K4 K) U «IpU>^ ¥ )'«H>^ ¥ ) 4 - 

5. For any G R and a.e. p£ R, 

|W"»(p)|<([H.] (0, (p-"))'([M] (0, (p + y)) 4 - 

T/ie analogous equality holds with the [p]^ 's replaced by [p]^ 's. 

Proposition 3.4. Let p G Bi(H). 

1. The following equalities hold: 

! dp[pt\p)= [ dp[pf\p)= [ d<t>{p)f =Tr[p}. 

JR JR JT y 

2. For any k G R, 

Tr[pe ikX ] = [ dp[p]^(p). 

3. For any k G [~, f ) and k£R, 

IKp^LIII^^IIx.IIW^IIi^IHIi- 

3.4 Fiber decomposition for the Lindblad dynamics 

Since the Hamiltonian is spatially periodic and the noise (|1.3j) is invariant under all spatial shifts, the 
Lindblad dynamics (|1 .2|) is invariant under shifts by the period a of the Dirac comb. In terms of the 
dynamical semigroup ^a,* : Bi(7i), the spatial symmetry translates to the covariance: 

<M eif V~ lfP ) = e l f p *A,*(p)e- 1 * P ) p G Bi(«). 

As a consequence, the dynamics decomposes into fibers as stated in Part (1) of Prop. 13.51 To be 
mathematically rigorous, the differential equation in Part (1) of Prop. 13.51 should be phrased as an 
integral equation and evaluated against an appropriate class of test functions. The constant w > in 
Parts (3) and (4) of the proposition below is from the jump rate assumptions in List 11.11 

Proposition 3.5. 

1. For each k G [--,-), the functions ($a,*(p)) G L 1 (T, Bi(L 2 (X a ))) satisfy the differential 
equation 

+ / £ j(0 ~4>' + ^n) e i ^^' + ^)^($A ) t(p)) e - i ^ ( ^^ /+ ^ )X . 
^ T nez a 

In particular, there is a contractive semigroup 7 : L 1 (T, Si(L 2 (X a ))) aucft too* /or a// p G 
B X (U), 

r[ K }(£M(p))=£M{* x , t (p))- 
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2. For all n G [— ~, ^ ) and A > ; the functions (<&\j{p)) K G L X (T) satisfy the Kolmogorov 
equation 

!<$ A)t ( p ))W = + jf ^*(^)<*vG>)>$?, 



3. For all k G [— f ) afid p G Bi(H), the following inequality holds: \\(®(p))^\\ . < 

4. For all A > 0, k G [-£ , £ ), t G M +; and p G Bi(7£), 

IK^(p)> (K) |L<e-^||(p)W|| oo + |||p|| 1 . 

4 Energy submartingales and unravelments of the dynamical maps 
4.1 Pseudo-Poisson and Levy unravelments 

As mentioned in Sect. 11.11 the map : Bi(H) generating the noise for the quantum dynamical 
semigroup <3?A,t : B\(H) satisfies = 1ZL This should be interpreted as meaning that the escape 

rates for the quantum Markovian process are invariant of the state. This property, referred to as 
pseudo-Poisson for classical processes, implies that the dynamical maps can be unraveled in 

terms of an underlying Poisson process with rate 1Z. For each k, the semigroups *f] : L X (R) also 
have the pseudo-Poisson property. The proof of Part (1) from Lem. B~T1 is contained in [6, Appx.A], 
and the proof of Part (2) is similar. 

Define the transition operator T A : L 1 (1R) to have kernel 1Z~ l J\ j k{p,p') for defined in (12. 2\ 
and recall that U^} : L X (R) acts as multiplication by the function uf}(p) = e~ l ^( E(p ~^ )~ e (p+^)) . 

Lemma 4.1. Let E denote the expectation with respect to a rate-lZ Poisson process M = A/i(£) with 
realizations £ = (ii, t2, ■ ■ ■ ) G K+ , tj < tj+i- 

1. The map <&A,t : B\{H) can be written as <3?A,t = E[$ Aj ^], where 

$ A ^(p) := K-*e-^ H ^{. ■ ■ e-^ H ^>{e-^ H pe^ H )e^ H • • • )e^ H . 

2. Similarly, the map <&^\ : can be written as &^ \t = ^[^A£tL where 

rf.(k) r\ rr(fc) rp(k) rr(fc) rp(k) TT {k) 

^\,£,t\P) '~ U \t-t Af A X '" u x,t 2 -t 1 1 x u x,t 1 - 

The semigroup has an even more restrictive property than being pseudo-Poisson, since the 
noise map \P has a Kraus decomposition fjl ,3|) comprised of an integral combination of unitary conju- 
gations. This allows the maps &\t to be written as convex combinations of unitary conjugations using 
an underlying Levy process with jump rate density j(v). Given an element £ = ^2,^2; • • • ) G 

(M x R + )°° with tj < tj+i, the unitary operator f7 A ,t(£) ■ H is defined by the product 

t j-\ i (t-t n ) tj ;?±ny : (*2~*l) IJ : "1 V — i'lff /, - \ 

Lr At (£):= e l — R— -"e 1 ft ^ ---e '"^e'T^e . (4.1) 
Lemma 14.21 is from Appx.A]. 

Lemma 4.2. Let £ = («i,ti; V2,t2', ■ ■ ■ ) G (M x ]R + )°° 6e the realization for a Levy process with jump 
rate density j(v). The dynamical maps <3?A,t can ^ e written as 

$ X}t (p)=E[Ux,t(t;)pUl t (0), (4.2) 
where the expectation is with respect to the law of the Levy process. 
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4.2 Energy submartingales 



Parts (1) and (2) of the proposition below are energy submartingale properties from [6l Prop. 5.1]. 
Part (3) follows by a similar argument as Part (2). As stated in Prop. I9TTU1 Parts (1) and (2) carry 
over to analogous properties for the classical stochastic process K t discussed in Sect. 11.2.41 

Proposition 4.3. Let the unitary process U\j(£) G £>(L 2 ("H)) be defined as in j^. i| ) for times t G M + 
and a realization (fi(Rx 1R+) 00 of a Levy process with rate density j(v). 

1. For every f G D('H), the stochastic process (U\^{C)f\ H^U\ y t{i)f) * s an integrable submartingale 
with respect to the filtration of the Levy process. 

2. The evaluation of the Hamiltonian by the Heisenberg evolution maps $>* x t has the explicit form: 

$* Xf (H)=H + —L. 



3. A similar formula holds for each map <&* x ^ tn when acting on the 



Hamiltonian: 



<!>* XFf (H)=H + ^—L. 
A,c,t«v I 21ZM 



5 From the momentum to the extended-zone scheme representation 

In this section, I focus on proving Lem. [241 Lemma [5.11 states that the extend-zone scheme momentum 
for the state p, t G B\{T-L) is concentrated "near" the values ±p. 

Lemma 5.1. Let 7 G (^, 1) and 1 G (0, ^p-). For fixed T > 0, there is a C > such that for all 

[ Ik*]?*) 

J\\p\- P \>Yp ,JT y 

The main ingredient for the proof of Lem. 12.11 is the bound for the difference between the Bloch 
functions ip p and tjj p for \p\ 3> | in Lem. 13.11 Lemma 15.11 guarantees that the relevant p G 1 for the 
Lem. [2~m estimates are sufficiently large. The upper bound of Lem. [541 is weak for p close to elements 
in — Z, and I apply Part (4) of Prop. [331 to ensure that the momentum densities are bounded when 
contracted to the torus T, and thus are not concentrated in the troublesome region around the lattice. 
Other elements in the proof are the Cauchy-Schwarz-type inequalities of Sect. 13.31 



< ex 1 " 1 - 2 '. 



Proof of Lem. \2.1\ By adding and subtracting (p — ^ \p x t_ \p+ and using the triangle inequality, 
I have the bound 



[p X T] (k) ~ [ Px T 



(k) 



< / dp 



hk 
P ~Y 



+ / dp 



P\ — 

1 XT 

hk 



P ~Y 



hk\ 

p+ y)~ 

hk 



hk \ 



P\ T 



V + 



hk\ 
Y/c 



(5.1) 



The terms on the right side of (|5.ip are similar, so I will treat only the first. For cf) G T, k G [ — ?, 
with (j> = p mod and k = k mod ; translating from ket notation to Bloch functions yields 



hk 



P\ — 

A 'AT 



p + 



hk 



p + 



hk 



p 2 
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The first term on the right side of (15, ip is bounded by 



dp 



^(Pa,x)^-#> 2 (^ ; 



< 



(5.2) 



The first inequality above is by Part (1) of Prop. [331 an d the second inequality uses Cauchy-Schwarz 
along with Part (1) of Prop. 13.41 to obtain 



dp ( Vf | K^) | Vf ) = L * K^] (0) ( p ~ y) = Tr K^] = L 



To bound the bottom line of (|5.2p . I will treat the integrand separately for the domains \p\ £ [p 
2A'p, p + 2A'p] and \p\ £ [p - 2A l p, p + 2A l p] in (i) and (ii) below. 



(i). For the domain \p\ £ [p — 2A l p, p + 2A'p], 



b|e[p-2A'p,p+2A'p] 



0+ 



<(sup||i 0) (p A t)|| 



l/4A t pa 
irh 



(j) SUp H^p-^pl^ 
T p=0mod 

bl>5p a 



l 

2\ 2 



where I have bounded the number of p E [p — 2A l p, p + 2A l p] with p + hi 



)mod 



2na 



(5.3) 



for a fixed 



2 r h 

G T by 4p A a ■ The left term on the second line of (15.30 is bounded independently of T, A > 0, since 



sup j 

cf>£T 



P A, -St ) 1 1 < supTr[^ 0) (p A t )] < Bup(p A )W + 



(0) 



</>eT 



< 



262 



1X7 

n 







7T 



sup 

6 ' 06T ; 



262(^+^0)2 
U v ^ 1 Q.0 



+ 



net 



ZD 



(5.4) 



where second inequality is by Part (4) of Prop. 13.51 The right term on the second line of (|5.3p is 
smaller than 



4A l pa 



> sup 

p=4> mod 

bl>ap" 



■ ~ „ a 8A l pa 
l^-^|| 2 <^- 



d0- 



C 



< cx 

< cx 



32irh 
a 

64vr/i 
a 



/i I 1 1 op w 

&,-^\ dy ( l + \v\) 2 



(5.5) 
(5.6) 



where the first inequality is for some C > by Lem. 13.11 The inequalities (|5.4p and (|5.5p give that 
the right side of (J53J is 0(X L ). 



(ii). Notice that the above analysis implies 



|p|e[p-A'p,p+A'p] 



(0), 
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Moreover, since J K dp[p x t ] (p) = / K (ip[p A _r,]g (p) = 1 by Part (1) of Prop. [3 



'|P|^[P- A P:P + A P] 

For the integration over the domain \p\ ^ [p — 2A ! p, p + 2A'p], I have the following inequalities: 



(0), 



(5.7) 



|p|^[p-2A<'p,p+2A<'p] 

< 2 



p+- 



|p|£[p-2A<-p,p+2A'p] 



V'. 



r 

AT ' 



< 2 



< 4 



|p|^|p-A'p,p+A'p] V ' A7 

[p X T)f (p) + 0(A*) 

|p|^[p-A'p,p+A'p] '^ Jq 



The second inequality uses the definitions of [p A t]^ , [p A t and the assumption < ^2. The 
third inequality follows from (|5.7p . and the last inequality holds for some C > by Lem. 15. ll Finally, 
the order equality uses that i = 1 — 7 — It. 

□ 



A l p 



6 The quantum Freidlin-Wentzell limit 

In this section, I prove Thm, [2T2l The analysis of for the proof of Thm. l2.2l is an extension of the analysis 
for the proof of [6j Thm.2.1]. The previous result only characterized the limiting autonomous dynamics 
for the diagonals of the time-evolved density matrices in the extended-zone scheme representation, 
whereas the treatment here includes a region of off-diagonals. 

Recall from Sect. S] that the operator T A : L 1 (R) is defined to have kernel lZ~ 1 J\ : k(p,p') and 
Uj$ : L 1 (R) acts as multiplication by the function uj$(p) = e^K^-f )~ E (P+f )) . 

Lemma 6.1. Let p G Bi(H) be positive. There is a C > such that for all < A < 1, \k\ < and 

si < s 2 , 

J S\ 

< C{s 2 - Sl ){\ 2+s ^-T,[Hp] + A^IK^^Hoo + A^HpIIx) + CU-^WpWx 

The following lemma is similar to Part (4) of Prop. 13.51 

Lemma 6.2. Let the maps &\£,t an d the times t n be defined as in Lem. \4-l\ The following inequality 
holds: 

IK*A lS>tn (PA)) w L < M<p> (k) |L + a - 

The proof of Thm. 12.21 follows closely from Lem. 16.11 after unraveling the maps <E>A,t : Si(T~L) and 
$w : L 1 (M) through the pseudo-Poisson representation of Sect. 14.11 and introducing a telescoping 
sum of intermediary dynamics that evolve according to the original dynamics up to the nth Poisson 
time and the idealized dynamics afterwards. There is technical detail in the application of Lem. 16.21 
resulting from the presence of the factor Tr[Hp] in the upper bound, since Tr[H^x,^,t n (p)] increases 
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linearly with n G N by Part (3) of Lem. 14.31 This small problem is resolved by considering a suitable 
time cut-off that avoids unmanageable energy grow and by bounding the remainder through a simpler 
estimate. 



Proof of Thru, \2.2l For J\f and £ defined as in Lem. 14.11 and < r < t, define 

*(*) ._ /t(*0 T (k) n (k) T (k) n (k) 
\,£,r,t ' A,t-t/v A \,t n+ i—t„ A u \,t n -r' 

where t n is the first Poisson time > r. By Lem. 14.11 I have the first equality below: 

( fe ) *(*) r^.iW 



(fc)' 

Q 



n=l 



For the second equality, I have inserted terms ^x\t n t[^A,f,t n (PA)] ^ in the form of a telescoping sum. 

r \l (k) (k) (k) t 

The difference between [<&A,t(PA)J q and &\ t [p\\ Q at time t = is smaller than 



i(fc) 



1 /TIT.n 



A/' 



+ e-^ E^E 

A/"=l n=l 



If 



(6.1) 



In the above, I have applied the triangle inequality to the telescoping sums for the first |_^X"J terms. 

(k) 

For the remaining terms, I have used that & x ^ t is contractive in the 1-norm, ^a,^,* is contractive 

in the trace norm, and ||[/5a]q ||i < ||pa||i = 1- The first term on the second line of (16. ip decays 
superpolynomially as A goes to zero. 

A single term from the sum on the second line of (16. ip is smaller than 



*^ t JL [*X4 ltn (PA)] ™ ~ * W t l T [®\,£,tn-l (PA)] 



(fc) 



Q<tl-<t^-<fy 



|(fc) 



< 



^n(^- 1 ^! tn+tn _J^(e- i:Z ^ ff $A,^_ 1 (pA)e i ^ 



0<tl---<t„_l<i„+l<---tAT<^7 Jtn-\ 

C/ ?- i „+t„_ 1 T A fc)c/ A A: i-t„- 1 (PA)] 



(fc) 



Mo 2 



"AT! fe } (^"-S-^^*^.*-!^)] + A^I^A^tPAj 



< 



h 2 

~ a/T 



+ A 1+ f ) + 



A 7 (A/"-l)! V A^ 



(AA-l)rA^ 

(6.2) 



for some constants C, C" > 0, where I identify to = and i/v+i = for the boundary terms on the 
second line. The first inequality above uses that $^ r t and C/| fc ^ are contractive in the 1-norm. The 
second inequality in (16. 2p is by Lem. UTTl and ||3>A,£,t n _i(p A )||i — 1- The first term of the fourth line 
can be bounded by an application of Part (3) from Lem. 14.31 to get 



XMa 



sup ^Tr[H*X,t, tn -dPx)) < ^[Tr[Hp x ] + 



0<n< 



oT 
2M n 



0(A°). 
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The expression ||(<i>A,f,t n _i(PA)) 1 1 00 from the second term of the fourth line of (j6.2|) is 0(A°) by 
Lem. IO and Part (3) of Prop. [M 

With the result (16. 2p . the second line of (16. ip is smaller than 

L— J 

To obtain the above inequality, I have replaced the upper bound |_^X"J by infinity and applied elemen- 
tary manipulations to the Taylor expansion of an exponential function. Since g > 7 > 0, the right 
side tends to zero for small A. 

□ 



7 Convergence to the classical Markovian dynamics 

This section contains the proof of Thm. 12.21 Part (1) of the lemma below essentially states that the 
dispersion relation E(p) has derivative close to 4r, and Part (2) is related to the continuity in p G K 
of the coefficients K v (p, n). Both estimates require that the momenta involved are not too close to the 
lattice #Z. Recall that the function 9 : E - 



"fa' fa) contracts momenta modulo 



Lemma 7.1. Let \k\ < and AcM 2 be the set of all (p,v) satisfying \ Q(p)\,\Q(p + v)\ > A 



There is a C > such that for all A < 1 and (p, v) G A, 



a 



!■ n\ E (p 



2 



) -E{p+f) + *j£\ <CK\% 



K v (p 



f , n)K v (p + f , 



n) 



\K v (p, n)\ 



The proof of Lem. 12.31 is primarily involves bounding the difference between the semigroups $> 



A,i 



L 1 fM) and Yl fc ] : L 1 (R). For this task, it is convenient to introduce an intermediary semigroup ■"' 



x,t 

that has the same drift term as <&w and the same jump term as T^ fc ]. 



Let T 



(*).' 



X,t 

L 1 (R) be the 



semigroup with generator C^ k that acts on elements / G 7" := {/ G L^R) | J R cZp|p| |/(p)| < 00} as 

0c5U/)(p) = 

-Kf(p)+ I dp'J(p,p')f(p'). (7.1) 



The difference <3?l fc ] — TV 1 /'' is bounded by means of a Duhamel equation and an application of Part 



(2) of Lem l7.ll and the difference k }' ' — TV/i is bounded through a pseudo-Poisson unravelment and 
an application of Part (1) of Lem. 17.11 Since the inequalities in Lem. [7TT1 pertain to momenta bounded 
away from the lattice ^Z, I take precautions though Parts (3) and (4) of Prop. 13.51 to ensure that 
momentum densities are not peaked in the region around the lattice. 



,(*) . 



(k) 

is given by V x t 



T^llpx]^ for the semigroup 



Proof of Lem. El The function vf) G L l ( 

with generator C\ k defined in (12. 3D . The difference in norm between V 
2 x - 1 is smaller than 



(k) 
x.t 



and rfl[p x ]W for all 



< — , A < 1, and t G 



(fc) 
A,< 



< 



[p; 



i(*) 



0(A4), 
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where the order equality follows by the approximation techniques from the proof of Lem. 12. 1[ It is 

(k) 

thus sufficient to control the difference between the operation of the contractive semigroups 

®xt and 

T^ fc ]. For the intermediary semigroup T^J'' : L 1 (M) with generator (jTl]) . the differences <f> x k \ - tJJJ'' 

(jfcl / (k) 

and ^ — T x { are bounded respectively in parts (i) and (ii) below. 



(i). The difference between and T\ K l'' can be written in terms of the Duhamel equation 

Jo 



a (fc) _ T (fc),/ 



Let i C M 2 be defined as in Lem. O and BcMbe defined as B = {p G R| |0(p)| > Aa+i 
Since is contractive in the L 1 -norm, I have the first inequality below: 

*(*)fs l( fc ) T W,'[x l(fc) 

<i sup / dpY] f dvj(y) (T^/lpxlQ^ip) K v (p-^, n)K v (p+^-, n) -\n v (p, n)| 
<2i sup [dp [ dvl A c{p,v)j(v)\My\p x p)(p) 

0<r<t JR JR IV' / 

/ a 2 a N 1 x - I , Kk \_ , 

« '<■ (p,v)eA 1 + fru 2 tT, 1 - 



"J - \Kv\P, n 



(7.2) 



The second inequality above partitions the integration over (p,v) G M into the domains A and A c , and 
for the domain A c applies the Cauchy-Schwarz inequality along with the fact that X^nez \ K v {Pt n ) | 2 — 1 
for all (p,v) G R 2 . For the domain A C R 2 , I have multiplied and divided by 1 + f^-f 2 and applied 
Holder's inequality in combination with ||T^''[p A ]^ ||i < || [/5a]q ||i < 1- The last line of fj7.2j) is 

bounded by a constant multiple of TZt\^ + i by Part (2) of Lem. 17.11 I will bound the expression on 
the third line of (j7.2j) in (I) below. 



(I). For the integrand on the third line of (|7.2I) . 



(7.3) 



where S q : L 1 (R) is the shift operator by q G R: (S q f)(p) = f(p — q). The above inequality uses that 



\(T X l''f)(p)\ ^ ( T x'/\f\)(p) for a11 / G Ll ( R ) and a - e - P G R and Part (3) of Prop. HO] to bound [p x ] 



,(o),/ 



(fc) 



by the sum [/5 A ]£ J + |<S_m[pa]q • With and the bound U«=(p,«) < l fl c(p) + l flB (p + u), I 
have the first inequality below: 

f dp I dvl A c(p,v)j(v) {Tfl''[p x ] { Q k) )(p) <~[dp[ dv(l B c(p) + l BB (p + v))j(v) 

JR JR ' 1 JR JR v 7 



Ti°i%[PA]l 0J )(p) + (Ti°^-M[PA]l 0) )(P 



l(0) 



(0)v 



l(0)> 



<- / dpf^lijc(p) + ti7A 

2 V 



1 , e 27T?lo \ 
2~ t ~2 — 1 



«0 



nT<5 f ni 0) )(p) + [p x ]^)( P 

<AM^(^ e -^||(PA} (0) ||oo + 2w). 
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The second inequality follows by assumption (2) of List 11.11 To see the third inequality above, notice 



that T 
T = 



(0)/ 
X,r 

irh irh 



T^ ], is the Markovian semigroup with jump rate kernel J. When contracted to the torus 



the process is still Markovian and has kernel Jj. Thus, by Part (2) of Prop. 13.51 the 



density T^£' S^nk [px]q is equal to (&x,t(S±nkp\S Zf hk )) when contracted to the torus, and I can 
then apply Part (4) of Prop. 13.51 to obtain the bound. 



(ii). Recall that the linear map u[ k ) : L X (]R) is defined as multiplication by the function U^(p) : 



(fc), 



e ltP M . Also, let T^ ri and T^'' rt be defined analogously to ^ ( x^ rt in the proof of Thm. 12.21 as the 
products 



,(fc) 



,(*),/ 



T 



(fc) 

X,£,r,t 
,(*),/ 



(p) -=u. 



(fc) T (0) ff(fc) T (0)fr(*) 
X,t-t^ ± X u \,t n+1 -t n - L \ u X,t n -r> 



<v-W/ ( n \ rrW ^(re; T {<J) rT (K) 

\,£,r,t") ■ u X.t—t^f X A,* n+ l-*n A u X,t n -r> 



,(0) 



(fc) 



,(o) rr (fc) 



where £ = (t\,t2, • • • ) G and t n < ■ ■ ■ < tj^ are the values in the interval (r,t]. The difference 
between the maps T^'' and Tf] can be written in terms of a telescoping sums as 



-(fc),' 
X,t 



,(*) 
x,t 



-Tit 



oo J\T 



JV=0 



T 



(fc),/ 



T 



n=0 ./0<ti-<tjv<t 



A,£,tn+1,* A,£,t„ + l 



ry^(fc)y ^y^(fc) 

1 A,£,t n ,t A,£,t„> 



where I use the standard identifications to := and i/v"+i := By the triangle inequality, I have the 
first inequality below: 



T (fc),/r l(fc) 



L X,fAPMc 



<e 



-Tit 



oo Af 

X>^E 

A/"=0 n= o Jo <*i-<*JV<* 



sup I ( C7 

re[o,t n +i— *n] 
oo A/" 

Af=0 n=0 

=\h+i ( Cl +c 2 Kt), 



(fc) 

A,r 
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www 



0<ti— <t N <t 



A . , ■ j " A.^JPaIq ^ 

Al+I (d + c 2 K(t n+1 - t n )) 



(7.4) 



for some ci,C2 > determined implicitly below. The expression in the second line of (j7.4|) is bounded 
through the following inequalities: 



sup 

re[0,t n +i-t„] 



(^ ) -< ) ) T «,«>^ t) 



< 



dp 



T 



11jpa]^(p) 



(fc). 



sup 

rg[0,t„ + i-tn] 



>g _ e -ii(^(P-f)-^(P+f )) 



<2 



dp 

B c 
tn+1 ~ t 



■ sup 

pes 



£(p ) - Efp H ) + - — 



T (fc) r H„ 



(fc) 



^> (0) ||oo 



A 2 + 2 "-+C11 t n+ l 

a 



/.)/.' 



For the second inequality above, I bounded the expression \e ir m — e 1 n 



the domain B c and by 



\E(p- 



2 



+ 



pfc/i 
"AT 



-ii(£(p-f )-Bb+f ))| by 2 over 



over the domain B. The third inequality 



23 



uses Part (1) of Lem. 17.11 to bound the supremum in the second term for some c > 0, the inequality 
W \\ t„ I/'-vIq II 1 — ^' an d the bound 



sup 

6»eT 



/vez eeT ivez ± 



=F -K- / / 1 1 oo 



E H , ... ZZ7 n n 



zu 

n' 



The first two inequalities in (|7.5p follow by the reasoning in (i) , and the third follows by Lem. [IT 



(7.5) 



□ 



8 Central limit theorem for the classical process 

This section concerns only the classical stochastic process (Yt,Kt) satisfying the Kolmogorov equa- 
tion (|2.3h and beginning in the joint Gaussian state ^exp(— ^iy 2 — j^-k 2 ). The analysis appearing 
here is a simplification of [U Sect. 6]. The component Kt is an autonomous Markov process with jump 
rates J{p,p f ) from p' to p, and the component Y t is a time integral Y t = Yq + jj J^drK r . The jump 
rates J(p,p') have constant escape rates 1Z := J R dpJ(p,p'), and I refer to the jump times as the 
Poisson times. The Poisson times are denoted by t n with the convention to = 0, and Mt denotes the 
number of Poisson times up to time t. 

I must introduce a number of technical definitions, which I will summarize in the list below. Let 
S : M. — > {±1} be the sign function. A sign-flip is a Poisson time t n such that S(Kt n ) = S(Kt n+1 ) and 
there are an odd number m of sign changes leading up to t n : S(K tn _ r ) = —S(K tn _ r+1 ) for r G [1, m] 
and S(K tn _ m _ 1 ) = S(K tn _ m ). Note that under this definition a sign-flip time is not a hitting time 
with respect to the filtration generated by the process Kt, since the identification of a sign-flip time 
depends on a verification that the sign does not change again at the next Poisson time. This awkward 
definition is formed to avoid counting occurrences in which the momentum changes sign at successive 
pairs of Poisson times, which a detailed examination of the jump rates J(p,p') shows is likely. The 
double-flipping is a small impediment to finding a more stable characterization for the sign behavior 
of the momentum process, and I have discussed this issue in detail at the beginning of [6l Sect. 6]. 
Define the r m , m > inductively to be the sequence of times such that tq = and r m+ i is the first 
time t G M. + following r m for which t is a sign-flip or \K t \ ^ \\ \K Tm \, ||-Kr m |l- Introducing the cutoff 
for the deviation of the absolution value of the momentum over the interval [r m ,r m+ i) is a technical 
precaution, which I use because the less frequent over time intervals in which the momentum 

is high \Kt\ 3> p. I denote the number of non-zero r m 's to have occurred up to time t G M + by N^. Pick 
e G (0, and define ? to be the hitting time that \K t \ jumps out of the interval [p — A e p, p + A e p]. 

The standard filtration generated by the process K t is denoted by Ft ■= a(K r : < r < t). Let Ft 
be the filtration given by 

F = a(r m+ x, K r : < r < r m+ i for the m G N with t G [r m , r m+ i)) . 

When t G [T m ,T m+1 ) for some m, the a-algebra F t contains knowledge of the time r m+1 and all 
information about the process K t up to time T m+ \. For F\ tS := F_±_ and Ar m := r m+ i — r m , define 

the JF^ ^-adapted martingale 

N a 
1 AT 

m A , s := Ai~4 ^ x{r m < s) K Tm (Ar m - E [Ar m \ F T -]j. 

m=l 
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At a glance, the above definitions are given by the following: 

7_i 1 f~rr 

Y\ s The normalized integral functional: Y\ S :=X^ 4 — / dtKt 

M Jo 

t n nth Poisson time 

Nt Number of Poisson times up to time t 

? First time that \Kt\ jumps out of the interval [p — A e p, p + A e p] 
r m Time of mth sign-flip 

Ar m Time elapsed between the mth and m + 1th sign-flip: Ar m = T m+ \ — t„ 
Nj G N Number of r m up to time 
Tt Information up to time t 

J~t Information up to the time of the sign-flip following t 
m\ s Martingale with respect to .F\. s that approximates Y\ s for A <C 1 



Recall that ■& := The process [m^,m,\] refers to the quadratic variation of the martingale 



Lemma 8.1. In the limit A — > 0, there are the following convergences in probability: 

1. sup < s < T \mx, a - Y x<s \ 0, 

2. sup < s < T [m A ,m A ] s -si9 0. 

Lemma 8.2 (Lindberg condition). As A — > 0, there is convergence E[sup 0<s<r \ m x,s — m x, s - |] — ^ 0- 

Proof of Thm. \2.4\ By Part (1) of Lem. 18.11 I can approximate the process (Y\ tS , s £ [0,T]) by the 
martingale (m A)S , s G [0,T]) in the limit A — > 0. By [20], Thm. VIII. 2. 13], the martingale (m A , s , s G 
[0,T]) converges in law to a Brownian motion with diffusion rate $ over the interval s G [0,T], if the 
following hold: 

• The random variables | [m A ,m A ] s — si?| converge in probability to zero as A — > for s G [0, T]. 

• The random variables supo< ; ;<'J , | m A,s — m A,s- | converge in probability to zero as A — > 0. 

The above statements are implied by Part (2) of Lem. [BTTI and Lem. 18.21 respectively. The convergence 
is with respect to the uniform metric. 

□ 

9 Miscellaneous proofs 
9.1 Proofs from Sect. [3] 

Proof of Lem. \3.SX The equality follows by expanding p in terms of its singular value decomposition 
and using that for G G Aj and f,g G %, then (f\Gg) = f T d^Q^G^Tj^) by the definition of G. The 
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following relations bound the integral norm of 6 K \p): 



I^OOlli 



Gei 00 (T,B(L 2 (X Q ))), J ^ 

\\G oo— 1 



d(/>Tr [l^ (p)e^ Xt G^ Xt ] 



= sup Tr[pe i 2 X Ge 
\\G\\=l 

< llplli) 

where the third equality above holds by the definition of G. The supremum on the first line is 
obtained as a maximum with G<j, = e- i 1 Xr U PjK rfe- i % x ' 1 for the unitary U p>K>tj> G B(L 2 (l a )) in the 

polar decomposition of £y(p), i.e., &\p) = U PtK>( f,\£y (p)\. 



□ 



Proof of Prop. HO . 

Part (1): For a measurable set yl C T, let G^ A \ G^ A ''', G^'" G .At have respective corresponding 
elements in L°° (T, B{L 2 {Z a ))) given by 



G 



i#X T |„.\/^| e -ifX T) 



G^'" := U(0)|^o)(/^|e 



-if 



where s„ 



\(U\^ K) (P)M\ 



, and G i3(L 2 (Z a )) is defined as in the statement of Lem. [3T2l The choice 



of the vector i/jq G L (I a ) is arbitrary, and I will only use that (i/jq \ipo) = 1. Notice that for all <f> G T 



G 



(G^'')*G { f'", and thus G( A ) = {G^')*G^". 



The second and fifth equalities below invoke the definition for ft K \p): 



I d4\{U\ & f^\94> 
J A 



T 

= Tr 
< Tr 
= Tr 



^Trf^^e^^G^e't^] = Tr [pe^G^jl 
{G^'e-^ x \p\^)*{G^"e^ x U p \p\ h ) 



\G™ 



'e-^ x \p\h 2 ' 



Tr 



\G^'S x U p \p\ 



I |2 



|H(e i t X |G^'fe- i f x )l"Tr[|p|,(e- i f x |G^'"|Vf x ) 



MU\^(\p\*)\U) 



(9.1) 



where [/,, G B(T~L) is the unitary operator in the polar decomposition of p. The third and fourth 
equalities hold by the cyclicity of trace, and the fourth also uses that \p\z = U p \p\U*. The inequality 
is the Cauchy-Schwarz inequality |Tr[Y*Z]| 2 < Tr[| Y| 2 ]Tr[|Z| 2 ] for Hilbert-Schmidt operators Y, Z. 



For the fifth equality, the operators e 1 2 x \ G^ A >'' 



and e~ i 1 x \G ( - A ^"\ 2 e [ ^ x are in At, and the 



corresponding elements in L°° (T, £>(L 2 (Z a ))) are respectively 1a (<fi — )|<7,£_ M I and 1^(0 + 

Since (19.11) holds for all measurable sets A C T, it follows that for a.e. 6 G T, 



(0) 



4>+'- 
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Part (2): By definition (p)^ = Tr[£^ (p)]. The result follows by choosing an orthonormal basis for 
L 2 (I a ) in which to compute the trace: 

^ I * a t a 

<E<^»I^Js s (l^l)l^)'<^»I^Jte(HO|V'M„>' 

' a o a a 9 a 



1 



<( E (%J^--(iH)l^ n >) 2 (E<^»lCto(H*)l^» 

nez 2 nez 2 

=Tr[<L(H)]^r[^(|H,)]^ = (<|p|>^)*(<M.>^)*. 

The first inequality above is by Part (1) and the second is Cauchy-Schwarz. 

Part (3): By definition [p] {k) {p) := (^ p _^\£ ( f (p)^ p+ hk) for p = 0mod^ and k = Kmod^. The 
result follows directly from Part (1). The same argument applies for [p]g ■ 

□ 



Proof of Prop. I 

Part (1): The first and fourth equalities below hold by the definitions for [p]^ and £^(p) respectively: 



dp[pp(p) = jjp{%\lf{p)%) 

7 

#Tr[^ 0) (p)]=Tr[p], 

JT 

where on the first line p = 0mod ^Eil. The third equality uses that VVi-^ n , n G Z is an orthonormal 
basis of L 2 (I a ) for each ^ G T. I also have the equality J T d(j)(p)^' = Tr[p], since (p)^ = Tr[£^\p)]. 
The argument is analogous for [p]^ replaced by [p]q ■ 

Part (2): Let p, Kk G ^) be equal to 0, ftfc modulo 2z£ and n := ^(fe - k). Since e in ^ x G „4 T 

for n G Z, the definition for ^( K ) (p) yields the second equality below: 

Tr[pe ikX ] = Tr[pe i % X j n % x e i % X ] = [ #Tr ttf (p)S *V«^vf Xrl 

Jt 

= [ d4>Y,{^ m \e^ X n { ;\p)e^^ m ) = f #^<^ m _ f \£ { ;\ P )^ m+f ) 

mez a h Z£l a 2 ° 2 



The fourth equality uses that e wXj tp p = ?p p +hv for p, v G E. 

Part (3): This is a consequence of Part (1) above and Parts (2) and (3) of Prop. 



□ 
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Proof of Prop. \3.5l 

Part (1): The maps <l?A,t : Bi(%) satisfy the Duhamel equation 

<J> A4 (p) = e - m e< H pe^ H + f dre^^ e^^^x^p))^ 11 . 

Jo 

Thus, I have the integral equation 

^($ At (p)) =e~ Tu '■"'''<'- ~ iJr " - if "■ 1 / ,7....-/?"-'-)/("-'/'..-iV-//,T,/,T. 

From the definition of ^( K ) (p) , it can be shown that 



(9.2) 



w/.^-.- 1 ^)^ and #>(*oo) = I d<f>'%^(i^{p)), 



where ^ : i3i(L 2 (X a )) is defined for G T as 



2nh 



V^h) = Y J j{4> + —n)e i W + ^ n ^he- i ^ + ^ x \ h G B\ (L 2 (X a )). 



From the above equalities, it follows that (<3?A,t(p)) satisfies an integral equation of its own: 



+ 



dre-^e-^^H c^*^(^(* v (p))))« 



ft 



(9.3) 



Since convolution with Vtu is a bounded map on L l (T,Bi(L 2 (l a ))) and the operators e -1 * 3 *, G 
T are unitary, a semigroup r A K ] : L 1 (T, £>i(L 2 (Z a ))) can be constructed through the Dyson series 
corresponding to the integral equation (|9,3p that satisfies F^ t {lk , (p)) = ^ (<3?A,t(p)) • The semigroup 



(re) 

T A t is contractive, since the noise term conforms to the bound 



< d<j> d4'M<l>-<l>')W{p)\\ 1 = n\\t^\p)\ 

1 JT JT 



Part (2): By taking the trace of both sides of (|9.3p . I obtain the integral equation 



('<) 



(9.4) 

where I have used that Tr[$^_^(/i)] = J r (<f>-<l>')Tr[h] for h G ^i(^ 2 (^a))- Differentiating ([931) y ields 
the Kolmogorov equation. 

Part (3): For all k G [— ^, ^) and p G Bi(H), I have the closed formula 

<*(p))i K) = / d^JtMMf- 



< w\ 



Thus, taking the infemum norm of both sides yields the inequality 

IK*(p)> (K) IL<( su p M4>A'))\\{p) {k \ 
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where the second inequality uses assumption (2) of List 11.11 followed by Part (3) of Prop. 13. 41 
Part (4): The integral equation from Part (2) implies that ^\,t(p))^ can be written as 

oo {Kt) n J^' 1 



(«) _ -ft/ , 



n=l 



n! ft r ' 



The inequality ||<$ A) t(/>)> W IU < e"^||(p> W ||oo 



) ||l and the reasoning in Part (3). 



+ f Upld follows by ||E^=i— t"~ 



< 



□ 



9.2 Proofs from Sect. [5] 

The lemma below contains estimates for the square roots of the dispersion relation E(p) and the 
Hamiltonian H . 

Lemma 9.1. There is a C > such that for all A < 1 and p£R, 



2 > I 



< c 



2. Tr 



Proof. 



<<?(#(! + !)• 



Part (1): The inequality holds with C = 2 2 ; since |£ , 2 (p) — (^j) 2 1 = (2M) 2 |q(p) — p|, and by the 
Kronig-Penney relation (|1.5p , the values q(p) and p can not be separated by more than | . 

Part (2): Since p := |fl)(f|| for q G ft of the form (II. ID in the position representation, I have the first 
equality below: 



Tr 



1 

H2 



1 

HI 



0<» 



(9.5) 



The second equality invokes the fiber decomposition discussed in Sect. 13.11 The operators Ha,, (m)^ 
for <j) G T denote the operation of H and m on the eft- fiber copy of L 2 (l a ) in the tensor product 
decomposition ft = L 2 (T) ® L 2 (l a ). 

By using the formula u5 = i J °° (ie e~2 — p- for u G M + and functional calculus [21|. Ch. VIII. Ex. 50], 
I can write the difference between the square roots of the Hamiltonians Ha, and (^rf)^ as 



HI 



P 



^2M^ 7T ' - 



1 



£2 



Ha 



e + ftrf 



r(; 



-ft/. 



(2m)< 



Wo e5 Ve + ft e+(^) Y 
However, the operators in the integrands have the bounds 

Hit, 



+ - / dee^ 



VT la 



+ (2^) 



e + ft d 



(9.6) 



- P 2 \ 

. 2M) 4> 



e + H d 



< 1 and (ii). (g^ 



+ (&) 



e + H d 



8<fi) <c 



aa 
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where the second inequality is for some c > 0. The inequality (i) uses that the function is operator 
monotonically increasing for each e G K+ and that -^jj < 1. I will prove (ii) below. Applying (|9.5p 
and (|9.6|) with the inequalities (i) and (ii) yields the bound 



Tr 



i ,P\l 

p A ( Hz - ( ) 2 

' 1 y 2M J 



< -(-) 2 +4c(— ^ 2 
7T a 



ft 2 



which has the form claimed. 

(ii). The operator e + (^j), has Green function G^ >t : Z a — > C with the closed form 



nez e H 2M — 



,i|(0+^n) 



Let G £>i(L 2 (Z a )) be defined as the rank A^^ e {x,y) = \G^^){G^^ e \. By the general theory of 
Schrodinger operators with point potentials [2], the difference between the resolvents of and (^j)^ 
has the closed form 



o 



The Fourier coefficients of G L 2 (I a ) have the form 



(9.7) 



and thus evaluating (19. with the state |0^) yields 
1 1 



0c 



e + H, 



a 



l + aG^, e (0) 



[&<t> I G4 



ab 



(2tt) ^ oft 



2M I e 



a 2-m£Z I 2M I 



<c 



where the inequality holds for some c > 0. 



□ 



Proof of Lem HOI The integral [p A .^^(p) over the domain ||p| — p| < A e p has the bound 



IH-pI<a e p 



T 



|(0) 



(p) < 



< 



inf 1 

8M 

2^27 



p 



P|-P|<A^P|^ 5 (P) "£ 2 (P)| 

dp[p K T_}^(p)\EHp)-E L 2(p) 



(9.8) 



The first inequality is Chebyshev's and the second uses that E2 (p) 



bl 



(2Af)2 



- for |p| S> ^; see Part (1) 



of Lem. 19.51 The analysis below shows that the integral on the bottom line of (|9.8p is bounded by a 
constant multiple of A 1-7 . This would imply that J|| p |_ p |<ae p [P\ ~ "' 
multiple of A 1_7_2e , which is the statement of the lemma. 



t__\ q (p) is bounded by a constant 
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Using the unravelment for the dynamical map : B(T~L) from Lem. 14.21 I have the following 
relations: 



dp[p\, 



1(0) i 



T_\ Q (p)\E2(p)-E2(p) 



< 



=Tr 

=E 
E 



* A T(p A ) [H-2-E2(p) 



Tr 
Tr 



+ 2£2( p ) Tr p x [m -E*(p 



' AT 
. 1 1 



+ 



Tr 



p x [H-E(p) 



(9.9) 



To obtain the inequality (|9.9p . I write 



U* t_ {t)HU x t_ (0 - H - 2£ 2 (p) if 2 - E 5 (p 
+ f £T - £(p)) - 2^5 ( p ) (u* T u x t(0-h 



> A" 



(9.10) 



and use the triangle inequality for the first three terms. The fourth term on the right side of (|9.10j) 
can be removed, since it has negative contribution by the inequality: 



E 



Tr 



> 0. 



(9.11) 



The inequality (l9TTTjl holds since the process U^ t {C)H'U x ,t(0 ~ is an operator- valued submartin- 
gale by Part (1) of Prop. I4T31 

For the term in the third line of (19. 9p . the second equality below holds by Part (2) of Prop. I4.3t 



E 



Tr 



pa [u;^(0hu x r (0-h 



Tr 



oT 
2MXi' 



The two terms on the last line of (|9.9p are similar, so I will handle the first. The factor Ei (p) 
is 0(A°), and by the triangle inequality, 



Tr 



p\[H* -E*(p] 



< 



Tr 



Px 



m - ( — ) 5 



2M' 



+ 



Tr 



Px 



2M' 



, p 2 ,i 
■2M J 



sup 



K 2M> 



E2(p) 



- 2M J 



(9.12) 



The first and third terms on the right side of (|9.12p are bounded by constant multiples of (§) 2 
(Sa)2"A5 and (j^s)^ = ( ) 2 Aa" respectively by Parts (2) and (1) of Lem. |9~T1 The second term on 
the right side of (19.12P decays exponentially for small A, since 



Tr 



PX \ [ 2M ) K 2M } 



dp 



e ft- 



: (p-p) 2 



, p 2 i 
— ) 2 



^2M ; 



< M"2 



<ir r — , 

— (7r)2 



and the integral on the right can be evaluated, where ^ = A 2 S^. 



□ 
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9.3 Proofs from Sect. [6] 

Recall that the function n : R — > Z is defined such that n(p) = ^ (p ~ @) f° r £ [- 
p = 6 mod 2p Given p,u 6l, define the set I(p, v) C Z to be 

J(p,u) := {0, — n(p), — n(p + u), n(p) - n(p + f)}. 

The following technical lemma is from Lem.4.1]. 

Lemma 9.2. There exists a C > suc/i iftai i/ie following inequalities hold: 
1. For all A < 1 and p£ 8, 

K(p,n)\ 2 < —p. 



tit) 



2. For all A < \, m, n G Z lozi/i m 7^ — n(p), 0, and l^fn — ^^n — p| < 



/If 1 1 (7— 

° d0 \K e+E n m _2^ (p, n)\ 2 < —fc 

irn a a ^ I -4- — 

'2^ ^ \ h 



+ \m 



The bounds from Lem. 19.21 will be applied in the proof of Lem. 19.31 Define the function Q : R — > 
{0,1} as Q{p) = 1 — J2nez l[2iZt n _3zrft nfi n _|_32L^i (p) ■ I introduce the factor Q(p) in the statement of 

Lem. 19.31 and the proof of Lem. 16.11 to ensure that p + and p + hk + live on the same 

energy band for p G Supp(Q) and |&| < Throughout the analysis of this section, the reader 
should remember that Hk for \k\ < ^ is negligible compared to the length ^ between momenta 
satisfying the Bragg condition. In the proof of Lem. 19.31 I rely mainly on decay that arises from 
h~~ 1 \E(p) — E(p + hk + ^^N)\ for large \N\. However, it can occur that |iV| 3> 1 but that the energies 
E(p) and E(p + hk + ^^N) are not far apart, in which case I use Lem. [9T21 to extract some additional 
decay from the sum J^nez I K v (Pi n ) \ \ K v [p + Kk + ■^N, n — N) | . 

Lemma 9.3. Let \k\ < ^ and p € Bi(H) be positive. There is a C > such that for A <C 1, 



E 



d P Q{p) I dvj(v) [p] { Q +aN) 





K v (p,n)\ 


\K v (p + hk + ^N,n 


-N)\ 


ft- 1 


E(p) 


- E{p + hk + ^N) 





Proof of Lem. \9.tA By splitting the integration J R dp in to parts \p+ —N\ < — and \p+ —N\ > — , 
I have the inequality 





K v (p,n)\ 


\K v (p + hk + ^N,n 


-N)\ 


h- 1 


E(p) 


- E{p + hk + 





< 



Kh 



inf, 



E 



dp I dv 



J{ v ) 



K 



r ,{k+^N) ( hk 7rh s 

[p] q a (^ + Y + T ) 



x \^v(p,n)\ \n v (p + hk^ N,n-N)\ + \ e \\p\\i ^ C N , 

n£Z a N^O 



(9.13) 



where g n is the nth energy band gap, and the values CV > are defined as 



Cn 



sup 

\P+^N\>*^ 



dvj(v) 





K v (p, n)\ 


\K v (p + hk + ^N,n-N)\ 


n 


E(p) 


-E(p + hk + ^N)\ 
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For the domain \p + ^N\ < I have used that the momenta p and p+hk+ 2 -^N belong to different 
energy bands when p £ Supp(Q), \k\ < §£, and N ^ 0. It follows that \E(p) - E(p + hk + ^N)\ 
must be bounded from below by the infemum of the energy gaps g n . For the domain \p+ —N\ > ^p, 

I have applied Holder's inequality and ||[p]g fc+ a N ^\\i — where the latter follows by Part (3) 

of Prop. 13.41 I will show that the first and second terms on the right side of (|9. 13[) are bounded by 
multiples of A e ||p||i in parts (i) and (ii) respectively below. 

(i). For the first term on the right side of (|9. 13j) . inf ^ g is bounded by a multiple of X e , since the 
gaps g n are bounded from below by a constant multiple of 2. Moreover, the integral has the bound 

T f dp f dv J M U W { hk nh 

x \ K v(p,n) \ \n v (p + hk+ ^^N,n — N)\ 



at 



h _dp(l[ P }^\p) + ~[p)f(p + Kk + 2 -^N)) 
<4 / dp [pWp) =M\p\\i. (9.14) 



| p+ ^iV|<- 27rfi 
(0), 

;p) — ^iipiii- 

For the first inequality above, I have used that J* K dv^^ = 1 and applied the Cauchy-Schwarz inequal- 
ity to get 

y~] | Kv (p, n) \ I k v (p + hk + ^^N, n — N)\ 

n£Z a 

< (EK(P' n )l)' [Y,\ K -(p +hk+ ^ N ' n - N )\ 2 y ^ L ( 9 - 15 ) 

Also for the first inequality in (I9.14p . I have applied Part (3) of Prop. l3.3l to a ^ in combination 

2 2 

with the relation \xy\ < ^- + \. 

(ii). It is sufficient to prove that the sum of the Cat's is finite and has a bound independent of A < 1. 

3 

I will show that Cat's decay on the order of |iV|~2. A single Cn can be bounded independently of 
A < 1 by the same reasoning as in (i). The difference \E(p) — E(p + Hk + ^^N)\ becomes large for 
large \N\ » 1 except when p + hk + is close to —p. By the restrictions \p + —N\ > — and 

\k\ < the momenta p and p + hk + 2 -^N can not lie on the same or neighboring energy bands. 

Thus, the absolute value of the difference between the energies E(p) and E(p + hk + 2s£jV) must be 
at least the length L\ N \ for L m defined by 

"nh \ „/irh, . \ ir 2 h 2 



„/7rn \ _/7m, ,\ 7r ft , \ 



By the same reasoning, if f\\p + hk+ 2 ^ N\ < | f^iV|, then the momenta p and p + hk + must 
be separated by the energy bands with band index between 4|iV| and ||iV|: 

E(p)-E(p + hk + ^N)\> LmOC Wa2 N2 > ^ 

° i|AT|<m<||iV| a 

where the |JV| 3> 1 asymptotic proportion is by a unitless factor. 
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By the above remarks, Cjv < ^j~ny? C'n + ^7V> where C' N and C^r are denned as 



C' N := sup / dv 



K 



E 


|«i,(p,n) 


+ nk H iV,n - 

a 


-")|. 






| + fife + ^JV,n 


-JV)| 






-f;(p + njfe + ^iv)| 





| p+ ^iV|>^ 
|p|A]p+£fc+^iV|>|f£jV| 

C^(r := sup / dvj(v) 

\p\A\p+hk+2^1N\<\^N\J^ 

By the same reasoning as in (i), I have the inequality below 

C N < SUP : jt-j = -CM L/V ). 

mp+hk+ ^ Nl <\£ N] \e\E(p)-E(p + hk + ?fN)\ h 

The order equality follows from (|9.16p . Thus, the C^'s decay quadratically and are summable. In the 
analysis below, I show that the C' N 's have order 0(|iV| _ 2 ) ; which implies that the Cjv's are summable. 

Bounding the C' N 's is trickier than the C^-'s, since I depend on some decay for large |JV| arising 
from the sum of the terms \n v (p, n)\ \k v (p + hk + ^^N, n — N)\, and there are various cases in which 
\n v (p, n)\ and \n v (p + Kk + ^^N, n — N)\ may not both be small. As a preliminary, I will partition the 
integration over ugl into the sets \v\ > ff|iV| and \v\ < |iV|. For the domain |u| > f^|-/V| there is 
quadratic decay, since Chebyshev's inequality and (|9.15p imply that 



/ 

J V 



dv^-S^ \k v (p,ti)\\k v (p + hk +—N,n - N)\ < [ dv^'' ' 

~^ a J\ v \>EhN 



1 1 4a 1 1 nGA 1 '—4a 



n 



where a = J^dvj(v)v 2 . For the domain |u| < f^|iV|, I will rely on the results from Lem. 19.21 Given 
the Cauchy-Schwarz inequality and (|9,15p yield that 

| k v (p, n) \ \ k v (p + hk + —^-N, n — JV) | 



at 



£ | K «(p> n ) | \ftv(p + hk H N,n — N) 



n&I(p,v), 
n£l(p+hk+^N,v)+N 



+ ( £ |^(p,n)| 2 ) l + ( £ ^(p + Wb + ^.n)! 2 )'. (9.17) 



(i 



Under the constraints |p| A |p + frfc + ^iV| > §||iV| and |v| < ^\N\, Part (1) of Lem. O implies 
that the terms on the bottom line of (|9.17p are bounded by multiples of |fp| _1 < an d If ip + 

/i/c + ^jV)| _1 < | | 1 , respectively. Since the total weight of the integration J^ <s h^ dv^- is less 

than one, these terms make contributions to C' N that vanish with order 0{\N\~?). 

The final task is to bound the sum on the second line of (j9~TTj) . Let p' := p + hk + ^N. Note 
that p' ps p+ ^iV, since |/i/c| < ^ <C 2s5. The inequalities |p| A > §f|iV| and |v| < g imply 
that the set (J(p', f ) + iV) U 7(p, v) must be empty unless the momenta p and have opposite signs. 
If p and p' have opposite signs, the matching possibilities for elements in I(p,v) and I(p',v) + N are 
those in the same rows below: 
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I(p, v) 


7(p» + iV 


0, n(p) — n(p + u) 


-n(p') + AT, -n(p' + v) + N 


— n(p), — n(p + u) 


N, -n(p') + n(p' + v) + N 



However, the inequalities \p + —N\ > and \hk\ <C leave only the possibilities: 



2-Tvh 



2wh 



I(p, v) 


J(p» + iV 





-n(p' + v) + N 


n(p) — n(p + u) 


-n(p') + iV 


-n(p) 


-n(p') + n(p' + v) + iV 


— n(p + u) 


iV 



For each case of n G (/(p', u) + iV) U I(p, v), either — n(p) or n' := n- 

The cases listed above are similar, so I will take n = N = —n(p + v): 



- N satisfies n' = 0, —n(p'). 



sup / 

Z*N\>2zZ. J\v\<\^N\ 



\p\A\p+Hk+^N\>\^N\ 



dv J -^-\K v [p,N) 



\K v (p + hk + —N, 0)\x(N 



-n(p + v)) 



ZD ,nhs I 
< — ( )2 



< ^As 



sup 

c 



bl>lf^l 



7t/> 

2a 

^ \ K 7Lh N _ p+d ' 
7r/i a r 

2a 



. i 

|2\ 2 



a 



\N\ 



2 



(9.18) 



where the second inequality is for some c > by Part (2) of Lem. 19.21 In the expression on the first 
line of (|9.18p . the integrand has support over the set v G — p + [— |^ , || ] because of the factor 

x{N = —n(p + v)). In the fist inequality of (|9.18p . I have used that j(v) < zd by assumption (2) of 
List II. 1| the Cauchy-Schwarz inequality, and that \n v (jp + hk + ^^N, 0) | < 1. 

□ 



The proof of Lem. 16.11 proceeds by subtracting-off small parts from the expressions 



/* 



drW 



- l uflAn^ H Px^ H )]f and 



si 



such that the difference between the remaining expressions can be bounded by an application of 
Lem. 19.31 The parts removed from the expressions are associated with momenta near the lattice 
as usual, and also momenta that are "too high". For technical purpose, capping the momentum is 
necessary to maintain that the difference of energies \E(p — 4£) — E(p + 4^)| is small compared to ^, 



which is the scale for the gaps between the energy bands; recall liniAr^oo 

hk 



Although assuming 

that p G Supp(Q) guarantees p ± ^ are on the same energy band, there will still be linear growth 

\E(p - f 1 ) - E(p + ps ^ for high momenta p G M bounded away from the lattice ^Z. The 

Ho 



linear rate of growth 



oqMo 



0(A 2+e ) for 



< — is, however, slow. 



Proof of Lem. ROl Let Q, Q', Q" be the projections on L 2 (M), or alternatively L-^R), that act as 
multiplication by the functions 

Q(p) = 1 - J2 lf2E»„_sjra ^ n+ 3^i(p), Q'(p) = W » „ , Q"(p) = Q(p)Q'(p)- 

— L a on a on J lf ^'— 1-(-£ 



Also, denote p = p — (I — Q)p(I — Q). There is a C > such that the following inequalities hold for 
all A < 1, |A;| < g, and p G Bi(H): 
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S 2 



si 



S 2 



Si 



< C( S2 - Sl ) (A 2 +^Tr[tfp] + A 1+ «[| |U + A 1+ lp|| t ) . 



(iii). 



< cn- L x e 



(i). By the triangle inequality, Q"(p) < 1, and 1 - Q"(p) < 1 - Q(p) + 1 - Q'(p), the left side of (i) 
is smaller than 



(7-QO /^^^[/^.[^(e-^V 1 ^)]^ + (/-Q) f 2 drlZ- l ufl r [^{e^ H pe 



f 2 dr^- 1 ^! r [^(e- i ^(7 - Q)p(J - Q)^)] W 

J si 

<TZ- X H dr (J-Q'j^e-'sV^Hj 1 f 2 dr {I - Q) [^(e^i H pe 

J S\ ^ J Si 

+ ( S2 - Sl )||(/-Q)p(J-Q)|| i 



(9.19) 



(k) 

The inequality above uses that W{!_ r is a multiplication operator with multiplication function bounded 

by one, i.e., \U^_ r {p)\ < 1. Also, for the last term, I have applied Part (3) of Prop. [3^1 to get the 
inequality below: 



[^(e- i ^(/-Q)p(/-Q)e 



< ||^(e- i ^(/-Q)p(/-Q) e i I J 
= n\\(I-Q)p(I-Q)\\ 1 . 



For the first term on the right side of (|9.19p . 



-RT 1 j dr 



{i-ct')[n^ H p^ H )t ] 



< -R- 1 I dr 

1 J si J\p\> h 



2aA i+ "2 



< 



8X 2+2 ^a 2 M 



iX 2+2 ^a 2 M f s * 



[ S2 dr [ dpE{p)[m{e~^ H pe^ H )]f{p) 
J si Jr 



m 2 



drTv[H^{e- { n H pe l n H )] 



si 



K 2 27£M LPJ; 



(9.20) 
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< 



The first inequality above is by Part (3) of Prop 13.31 and holds for A small enough so that a _ , , 

2 

The second inequality in (|9.20p is Chebyshev's with E(p) > ^Tj, and the second equality is by the 
explicit form = 1ZH + jfal. 

To bound the second term on the right side of (|9.19p . notice that by Part (3) of Prop. [3731 and the 
inequality \2xy\ <x 2 + y 2 , 



■12 



dr 



(I - Q)[^>(e-' l! h H pe^ H )] {k) 





rs2 






~2 


J L 




J S\ 




-1 


+ 


2.1, 



iLH „ i£ff\1 (0), 



hk-, 
~~2> 



S2 



hk, 



dr I dp(l - Q(p)) ^(e-f V^)]^%+ y) 



<(s 2 - si)A 1+e p i. 

To see the second inequality above, notice that the first is bounded by 



(9.21) 



dr 



(0) 



a Q a 



6irh 
a Q 



»2 



dr 



a ■ 
(0) 



a 

where k 6 [— ^) with k = k mod The inequality above is by Part (3) of Prop. 13.51 and the 
fact that the trace norm is invariant of unitary conjugation. The second term after the first inequality 
in (|9.2ip has the same bound. 

For the third term on the right side of (|9.19p . 



|(I-Q)p(I_Q)|| 1= J2 I 

-L 



aQ ' a aQ 



Mp\q\p) 



(0) 



< A i+ ff 127rfioi|/ vWi 
a 



(ii) . This follows by similar analysis as for (i). 

(iii) . By an evaluation of the integral, I have the following equality: 



Q»(p) I dr(K-iuM[^ H P j* H )}M 



Sl 



i t j{ v ) \ / hk 
--l A {p,v,n,m) I dv } j k v [p - — 



K 



, ,(ifc+ — (n-m)) i 



2irh ,_ , hk 2-irh 
n — v,njK v [p H m 



v,m) 



irh 



a 



a 



+ m)) 



x ih 



-if (E(p- 



f-^n-v)~E(p+^-^m-v)-E(p-^)+E(p+^)) 



E{p-f-^fn-v)-E(p+f- ?fm - v) - E(p - f ) + E(p + 

e -i^(E(p-^-^n-v)-E(p+^-2^m-v)-E(p-f)+E(p+f)) 

~ E{p-^- -v)-E{p+^- - v) - E{p - f ) + E(p + f) 

where A C I 2 x Z 2 is the set of p, v, n, m such that: 



hk \ 
2 I 



(9.22) 
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(I). Either p-f -2*5 



n-worp+f - m - v is not in the set U NeZ [?fN - ?fN + 

ttH at 37r7t ttH t\t i 37r/ti „„ j |„| ^ ?l 



a ^ 1 ^ a a ao ' a 

(II). The number p is not in the set U N& [f N - f TV + and |p| < 



I will argue below that statements (I) and (II) guarantee the inequality 



s( P - 1 -)-E(p + T ; 



which obviously implies that 



1 

< - 
~ 2 



fo/c 2tvH hk 2irh 

Eyp n — v) — E(p -\ m — v) 

2 ci 2 cz 



(9.23) 



, hk 2irh \ -r-,/ hk 2irh . _. fiA; N hk-. 
E(p- — — n-v)-E(p + —m-v) - E(p - —) +E{p+—) 

, hk 2nh \ , hk 2irh 
Eyp n — v J — E[p -\ 



< 2 



m — v 



a 



a 



(9.24) 



It is an advantage to have a simplified denominator in later analysis, and the purpose of introducing 
Q" and p earlier in the proof was to avoid some scenarios in which the denominator on the left side 
of (|9.24p becomes small. 



To see (|9.23[) . notice that statement (I) and |fc| < ^ imply that p-^-^n-v and p+ 2 
always lie on different energy bands for n ^ m. It follows that 



hk 2irh 



m—v 



/ hk 2irh 

E[p n — v 

yF 2 a 



\ , hk 2irh 
) - E[p + — m - v, 



, a 

> mi g n >c-, 

n6N a 



(9.25) 



2 a 

where g n is the nth gap between energy bands, and the second inequality holds for small enough 

t£ and p + 4£ 



d > 0. Moreover, statement (II) implies that p — 4£ and p + 4£ belong to same energy band, and I 



have the bound 



- 'if BU P| < i(p ± t)|) ( sup l q 'W 



nh ra|ph „2\phk\ da 



Ma irh 



< d 



M 



"2 a' 



(9.26) 



where d' := sup pgR _7rft z |q'(p)| is finite by Part (2) or Lem. 19.51 The last inequality in (19. 26ft is for 
small enough A and uses the constraints \k\ < \p\ < — ttt so that 



\phk\ 

M 



< 



2ith 2 



aa MX 1+ 2 a^M 



h 2 



whereas ^ = f^A. The second inequality in (|9.26|) holds since q : R — > R+ is monotonically increasing, 
the highest value on the energy band containing p± 4£ is ^ \^w] ■> an d there is the explicit evaluation 
^(irRiSl) = ifR^!- Combining (f935l) and (15351) yields (Mj) . 

Making a change of variables p — 4£ — — t> — )• p and N = n — m, then the relations (|9.22p and 
(|9.24p imply the first inequality below 



*2 



Si 



(fc) ( fe ) ( fc ) (fc) 



JQ 



|p(p jP + ^. + 2|ftjV)| 


\k v (p,ti)\ 


\n v (p + hk + 


2&N,n-N)\ 


/i- 1 |E(p) - E(p + hk + ^N) 





The second inequality is for some c > by Lem. [9] 



□ 
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9.4 Proofs from Sect. [7] 

The proofs for Parts (1) and (2) of Lem. [7. II are contained in Sects. l9"~j~T1 and |9.4.2| respectively. 



9.4.1 Estimates for the dispersion relation 

The results of this section will require a closer analysis of the function q : R — >• R determined by the 
Krbnig-Penney relation (jl.5[) . Recall that q is anti-symmetric, increasing, and satisfies 



7rH ,wh . /irk , ,. ,nh . 

— n = q — n) = urn q( — n — e) < nm q( — n + e), n £ N. 

a a e\o a e\o a 

In words, the function q has jumps at points in — {0} but is continuous from the direction of the 
origin. It is convenient to view q(p) over bands p £ (^r(w — 1)> ir n ] > n £ N over which the function 
is continuous. For each N £ N, define the functions fx : [0, tt] — > [— l,oo) and <?at : [0, 7r] — )■ [0,7r] as 

oaM sin(7r — x) 

jn{x) := COS(7T — x) + 



/i 2 vriV - x 
ffAr(a?) := Z^ 1 ( cos(vr - x)) . 



The function q : R — > R can be written in the form 



c^^-^ra-f), p >0. (9.27) 
a Tin a irn ft 



The following proposition is a consequence of basic calculus. 
Proposition 9.4. Set v := S^L. 



1. The function '■ [0, tt] — > [0,tt] satisfies the differential equation 
, sin(7r — x) 

X ' t)cos(TT-a) Q :„/V _ „ Ar /V^ 1 " 2 sin(TT-g N (x)) vsin(n-g N (x)) ' 

~nN-g N {x) bU1 V 7r UN^)) t" ( 7r N-g N (x)y- ! ^ (irN-g N (x)) 2 

2. The second derivative of §n can be written implicitly in the form 



V 2 COs(lT — x) . / \ 

jy + sm^vr - g N (x)) + 7^—7^ + f7r jv_ 0wfa .^ J 



TN-g N (x) blU V 7r yN\X)) f ^ N _ gN ^yj. ' N - g N (x))' 2 

where r^ '■ [0, 7r] — )• R is defined as 

_ 2v 2 sin(7r - gjy(x)) _ 3i; 2 sin 2 (7r - ffjy(x)) cos(7T - gjy(x)) 
r7VlXj: " (7riV- 5i v(x))3 (vriV-^(x)) 4 
2t; sin 3 (7r — gw(x)) v 3 sin 3 (-7r — <7jv0*0) 
+ (vriV_ 57V ( x ))3 (7r7V- 5Ar (x)) 5 " 

T/ie /irs£ £u>o terms of the denominators in (1) and (2) can be alternatively written with the equality 

vcosiir — x) . ... vcos(ir-x) sin 2 (7r — x) 

77^ y^r + sm(TT - g N (x )) = — — i t-t H — : — 7 — t^tt- 9.28 

nN-g N {x) v w; nN-g N {x) sm(7r - 5JV (s)) V ; 

For the statement of Lem. 19. 5\ recall that the map : R — > [ — f^) contracts values inpgl 
modulo — . 

a 
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Lemma 9.5. There is C > such that for all A < 1 and p£R, 

1. \c i { P )-p\<C T ^, 

2. |q'(p) - 1| < Cmm{l, \ e{p J +m }, 

3. |q"(p)| < Cminl^, pg^}. 

Proof. By the equality (|9.27p . it is equivalent to show that there is a C > such that all x G [0, 7r) 

and iV G N, 

1- |&/v0) ~x\ < Cj^ , 

2. \g' N (x) - l| < Cminjl, min{3! ^_ 1 3!}(1+JV) }, 

3. s^(x) < Cminj^, (min{x . 7r _^. }) 3 (1+7V) 2 }• 

Part (1): Clearly <7tv(x) < x, since /at(x) > cos(7r — x) over the interval [0, it]. The definition of gjv 
gives the first equality below: 

i>sin(7r -ffjv(x)) 

-— =COS(7T - X) - COS(7T - g N (x)) 

rx-gN(x) 



/ dysm(ir - g N (x) - y) 

Jo 



>7}(x ~ 9n(x)) sin(7r - 3/v(x)). (9.29) 

The inequality in f|9.29j) uses that the function F(y) = sin(-7r — gjv(x) — y) is positive and has derivative 
greater than — 1 for y G [0, x — 5w(x)]. From (I9.29p . it follows that 

2v 

x - g N (x) < — = OtiV- 1 ). 

7riV - 5jv(x) 



Part (2): It is convenient to use the form g' N (x) from Part (1) of Lem. I9.4l for the domain x G [0, and 
the alternative form using the remark (|9.28p for the domain x G [?,7r). The analysis for the domains 

are similar, so I will discuss [0, ^). By Part (1) of Prop. 19.41 and since the terms V ^N^-g~N(x))^ > 
"(^Ar-g^^.))^ m the denominator of the expression for g' N {x) are positive over the domain x G [0,vr), I 
have the first inequality below: 



9n(x) 



< 



sin 



(vr - g N {x)) - sin(vr - x) \ + 0{N~ 2 ) 

V C0S(7T — X) , - / / \\ I 

'- + sm(7r - gN[x))\ 



I nN~g N (x) 

Vl + iV / L — wcos(7T — xj sm(7T — gN\x)) 

< OiN-^minJ ^ -,— — }, (9.30) 

I -ucos(7r - x) sm(7r - x) - 4^ J 



1+jV 

where min + refers to the minimum positive value. The second inequality uses that sine has derivative 

c 

1+JV 

C 



bounded by one and Part (1) to guarantee that there is a C > such that |x — <?tv(x)| < t^ty- The 



third inequality bounds the difference between sin(7r — x) and sin(7r — gjv(x)) by again. The 



40 



result can be easily seen by using linear lower bounds for the trigonometric functions on the third line 
of flOPp . 

Part (3): Similar to Part (2). 

□ 



Proof of Part (1) from Lem. \ 7.1\ By writing E(p± -y) in terms of second-order Taylor's formulas and 

2M 



using that E(p) = q 2 ffi , I have the equality 



E(p + ^)-E(p-™)-^- =^(q'(p)q(p) - p) 



+ — / ^ dv / dw^q(p + u>)q"(f> + w) + |q'(p + u>)| 2 )- (9.31) 



It is thus sufficient to show that the terms on the right side of (|9.31[) are bounded by a constant 
multiple of A2 + i for \k\ < ^ and pel with |@(p)| < Aa+f^p. The first term on the right side 
of (|9.31|) has the bound 

^|q'(p)q(p) -p\ <^|q(p)| |q'(p) - l| + ^|q(p) - p\ 

1 Q Q 



- C 2^M^ C a + N) T + |p + C aM(l+||p|)' 



a 2 M 

where C > is from applications of Parts (1) and (2) from Lem. 19.51 in the second inequality. 
For the second term on the right side of (|9.3ip . 

fife 

dv / dw( |q(p + w)\ |q"(p + + q'(p + to) 



M /_m 

2 







<t|- sup (|q(p')| KV)| + |q'(p')| 2 ) 

4M p'eM, 

|e( P ')|<^A2+f 

— a7 SU P 



4M p ,^\ 8^(1+1^1)3 4w*(l + |fc/|)= 



T^O(Al+f), 



where the second inequality is by Parts (l)-(3) of Lem. 19.5 



9.4.2 Estimates for the coefficients K v (p,n) 

Lemma 9.6. There is a C > such that for all A < 1, p, v £ R, and n£Z, 

1- \-§Z£K v (p,n)\ < C(p^yp2 + | e (p+„)p), 

S. |lm[K v (p,rc)^(p,n)]| < C|. 



□ 
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Proof. 

Part (1): The following formula for K v (p,n) is equivalent to the definition ()1.8j) : 



By the product rule, the second derivative of K v {p,n) can be written in the form 

d 2 



d 2 / d 2 ~ 



\ <9 2 p 



p if ,/, 

6 d 2 / p 



(9.32) 



(9.33) 



bmce the operator e 1 ** 1 G £(L 2 (T)) has norm bounded by one, 



d 2 



< 









+ 

2 


Q2p P 


+ 2 

2 



d ~ 



d_ 

dp 



(9.34) 



The Bloch functions tp p : T — > C have the form (|3.2p . where the normalization constant iV p is equal to 

_ l-cos(f(q(p)-p)) 2 ^ 2 |cos(fq(p))-cos(fp)| 2 

l-cos(|(q(p)+p)) «M 1 - cos (|(q(p) +p)) 



The first two derivatives of ip p have the forms 
d 



aw,« 



0jA e i t( ( i(p)+P) - 1 



and T^-^p 



:t) 2 4 2) 



+ 



|q"(p)4 3) 



d 2 P p ( e if(q(p)+p) _ 1) 2 e if(q(p)+p) _ 1 



(9.35) 



for some ipp~\ ipj?\ ijip G L 2 (T) that are uniformly bounded in norm for all A < 1 and The 
forms (|9.35p use that N p > a is bounded away from zero and that q'(p) is bounded by Part (2) of 
Lem. EH 

The modulus of the expression e 1 t( q ( p ) +p ) — 1 has the lower bound 



| e if(q(p)+p) _ 1 \ > 



7T 



a Q / q(p) +p 
^" v 2 



(9.36) 



where the first inequality is a piecewise linear lower bound for \e 2lx — 1 , and the second uses that 
g(p) > p. Applying ([9735]) and ([9736]) in (f9~34j) . I have the bound 



dP_ 
d 2 p 



K v (p, n) 



< 



4n 2 B + 2irCB 4ir 2 B + 2irCB 



\Q(p + v) 



+ 



\G{p)f 



+ 



8tt 2 CB 



e(p) \@(p+v)\ 



G(p)| 2 |e(p + ^)| 2 



where the C > is from bounding |q"(p)| with Part (3) of Lem. [975] and B > is the supremum over 
\\ipp H2 f° r G M and j G {1,2,3}. The second inequality is for some C after applying the relation 
2xy < x 2 + y 2 to x = rghj, and y = ra^p^i to the last term in the first line. 

Part (2): Differentiating (|9.32p gives 



0_ 

dp 



K v (p,n) 



d ~ 



p+v+^n 



d_ 

dp 
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By the formula (j3.2h . the Bloch function ip p G L 2 (T) has the form ip p = ip p + ip£ with 



d 



dp p sin(^(q(p)+p)) 



where ip p , ip p ,ip p '', -§^^> p G L 2 (T) are uniformly bounded in norm for all A < 1 and p G 
factor sin(^(q(p) +p)) is real, I have the following equality: 



(9.37) 
I. Since the 



\lm[K v {p,n)—K v {p, n)] j 



Im 



K v {p,n)(ip 



d 



<2supmax{||^/|| 2 , llj^p lb} : = c - 



The inequality above uses that K v (p,n) G C, e l l XY G £(L 2 (T)), and ^ G L 2 (T) have norms less than 

dp^p 



one. Since ip p '' , jLipp are uniformly bounded in norm, the constant C is finite. 



□ 



Lemma 9.7. The following variance formula holds for a.e. (p,v) G M 2 : 

y~] (ez(p + v + n) \k v (p, n)\ 2 - ^ E? (p + v + m) \ n v (p, m)\ 2 ^j < 



mez 



Proof. The formula below holds generically for Schrodinger Hamiltonians H = + V{X) and any 
f G M: 

7, 2 

— I = e-^ x He^ x + e l h X He~ l n x - 2H. 
M 

In particular, this implies that the fiber Hamiltonians H^, <j> G T satisfy 

P_ 
M 



(9.38) 



for (j),4> ± G T with = pmod ^ and <f>± = p iumod Evaluating both sides of ([938]) by $ p ) 
yields 

= ^ -E(p + w + u)\k v (p, n)| 2 + ^ £/(p - v + ti)|k_ v (p, n)| 2 - 2E(p). 



n& 



For £ p , u := YLn&L E * (P + v + n ) 



^hj^hj ( K E Hp±v + n) \K± v (p,n)\ 2 -£ p ,±v^ 

If \2 1 / n 2 



(9.39) 
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The sum of the last two terms on the right side of (19.39|) is positive, since 

\s P ,v + \Zp,-v ~ E L HP) =\ £ $ P \e^ X ^Hl ± e*i x ^ p ) - <^|f| fe} 

=\ Y.Q(p\ eT ' llXHhe±ilX \p) q ~ Q<?\ H * \p) q 
± 

>0. 

The last inequality holds because is a positive operator; see the proof 

of Part (2) from [6, Prop. 5.1]. The above formal reasoning can be made rigorous by approximating 

the kets \p) Q by elements in L 2 (IR). The operators ^ Yl± e^ l ^ Xj Hj ± e :izl h Xj — H£ correspond to the 

operation of \ Yl± e T1 n x H2e ±1 h X — H2 on the fiber spaces and thus must be positive. 

Since the bottom line of (I9.39P is positive, it follows that £ rae ^ [e"2 (p + v + n) \n v (p, n) | 2 — £ p ^ 

2 

is bounded by ¥7. 

□ 

The proof Lem. [7TT1 depends most essentially on bounding the difference between the terms n v (p — 
, n)n v (p + 4^,n) and \n v (p,n)\ 2 through the derivative inequalities in Lem. [ST6l Since there are an 
infinite number of terms in the sum over n & Z, I designate cut-offs for the set of n in which I apply 
the finer estimates and control the remaining terms with the variance inequality of Lem. 19.71 and a 
Chebyshev bound. 



Proof of Part (2) from Lem. 7.1 First, I will bound a single term from the sum. By a Taylor expan- 
sion around p£ K, 



, hk s _ , hk . I / > ,2 
Kv[p- -7T,n)K v {p+ —,n) - \K v {p,n)\ 



-\hklva 



k v (p, n)-^-K v (p, n) 



+ 



dw' I dw-^p — y&v(p — w,n)K v (p + w,njj. (9.40) 



Applying Parts (1) and (2) of Lem. 19.61 to the absolute value of (|9.40p yields constants C\,Ci > 
such that 

Kv(p- ^-,n)K v (p+ ^,n) - \K v (p,n) 



n C% ,hks2 ( 1 1 \ 

<C ia k + -{-) + 

+ l ^\ fi m P + w)\ 2 + \e(p + v + ,r) 

<c'\ 1+e , 



(9.41) 



where the second inequality is for some C > by the constraints < g and \@(p)\, \Q(p + v)\ > 



44 



For the full sum of terms, I have the bound 



\ K v{P ~ —,n)K v {p+ —,n) - \K v {p,n) 



nez 



\Kv[p- -^,n)K v {p+ -^,n) - \K v {p,n)\ 
+ 2 ( sup 







LEa^p +iH n) — t p > tV \K v [p ,n) 



x 



where £ p>v £ M+ and Ap tV C Z are defined as 



(9.42) 



£p v '= ^ Ez(p + v + n) \k v (p,ti)\ 2 and 4 pi) :=|nGZ \E^(p + v H n) — £ p J < r — i. 

" ^ ' 1 " ' aMa J 



In (|9.42p . I have applied Chebyshev's inequality and 2\xy\ < \x\ + \y\ with x = K v (p — 2~,n) and 
y = K v (p + 4r, n) to bound the sum of terms with n G ^4p itr 

By applying (|9.4ip and Lem. 19.71 respectively to the first and second terms on the right side 
of (19^21) . 

1 2 



\Kv{p- -7T,n)K v (p+ —,n) 



K v {p,n 



at 



For the above inequality, I have replaced A P:V by the set of n £ Z with |n| < A 2 2 . This is possible, 
since E*(j/) » 4= for b'l > 5 by Part (1) of Lem. [93J 



□ 



9.5 Proofs from Sect. [8] 

The following proposition is from [6j Prop. 6. 3] and provides a few inequalities related to the time 
periods [r m ,T m +i) between successive times r m . The assumption in the statement of Prop. 19.81 that 
Kt does not change signs at the first Poisson time corresponds to the information known if r m is a 
sign-flip. Part (1) of Prop. 19.81 states that the moments for u ( T j+ 1 ~^~ m ') are approximately equal to 
those for a mean-1 exponential, and Part (2) bounds the amount of time that the momentum process 
spends with the opposite sign before making a sign-flip. 

Proposition 9.8. Let £ > ; Kq = p for \p\ ^> |, and Kt be conditioned not to make a sign change 
at the first Poisson time (i.e. S(Kq) = S(Kt x )). Define r to be the first time that either Kt has a 
sign-flip or \K t \ jumps out of the set [\\p\, depending on what occurs first. For fixed £, n > 0, 
there exists a C > such that the following inequalities hold for all p: 



1. 



E[(g)"]-nl <C\%P 



"r.lC-1 



2. E 



£ dr X {S(K r ) ^ S(p)) <CA 



The following lemma bounds the moments for the longest time interval Ar m to occur up to time 
T 

\~ ■ 



min{X,?}, and the proof follows easily from Part (1) of Prop. [9~8 
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Lemma 9.9. For any n > 1 and l > 0, there is a C such that for all A < 1, 

auAr m \ n l 



E 



sup x{T m < g 

l<m<N T 
XT 



h 



Proof. Pick l £ (0,7). Since < 2p over for i < <j, I have the following inequality: 



E 



SUP x(T m < 
l<m<N T ft 

XT 



auArm \ n 



<(^)"E[(^ sup x(r m < ? ) 



l<m<N T 
XT 



(9.43) 



^- — -jg-A 2 . For u > ^, the expectation on the right side of (|9.43|) can be bound by standard 



where ^ - ^ 
techniques: 



E 



sup x(r m < ?)|ir- 

l<m<N T |-"-r n 



N T 

XT 



<E[J^ X(t w <0( 



m=l 



N T 
XT 



E 



, r / vA.Tr, 



m=l 

< ciE[Nr]« 

L AT J 

I 1 I T7?, 1 

<C n \E[A/V]« =C„\(— )" 



^ T. 



0(A"*) 



(9.44) 



where the second inequality holds for some C nu > by Part (1) of Prop. 19.81 The first inequality 
in (19.44|) bounds the supreme by a sum and applies Jensen's inequality, and the third inequality uses 
that the sign-flip times occur at Poisson times. The second equality holds since the Poisson times 
occur with rate TZ. 

□ 

The following proposition is from [6j Prop. 5. 2]. Notice that Parts (1) and (2) are analogous to 
(1) and (2) of Prop. 14.31 For Part (2), recall that the square of a positive submartingale is also a 
submartingale. 

Proposition 9.10. Define ? := J K dv i^v 4 . 

1. The square root energy process E^^Kt) is a submartingale. 

2. The increasing part of the Doob-Meyer decomposition for the submartingale E(Kt) has the form 

E i K o) + m- 

3. The second moment of E(Kt) has the bound 



E[E\K t) ] < E[EHK 0) ] + fgE[E(Ab)] + ^| + 

The lemma below states that the probably of the process \K+\ leaving the interval [p — A e p, p + A e p] 
before time j= is small for e G [0, -7p) and A <C 1. In particular, this implies that the r m before time 
are likely to be all sign-flips. 



Lemma 9.11. For small enough A > 0, 



sup I \K t \ — |p| I > A e p 



o<t<- 



< 



64aT !_ 7 _ 2£ 

2 
Po 
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Proof. By writing the difference \Kt \ — |p| as 

\K t \ - (2M)*E?{K t ) \ + (p.M)*E*(K t ) - (2M)*E*(K ] 
+ ((2M)^5(K ) - \K \) + (\K \ - |p|), 
I have the inequality 



\Kt\ 



IPI 



<2B + 



IPI 



+ 



(2M)2E2(K t ) - (2M)2E2(K 



where B := sup gR |(2M)ai?2 (p) — |<p||. The above inequality implies that 



sup I \K t \ — |p| I > A e p 



o<*<^ 



<P 



+ . 



\K \-\ V \\+B> A e | 



sup \E2(K t ) - E2(K )\ > A e 



P 



2{2M)i 



(9.45) 



The first term on the right side of (|9.45p superpolynomially exponentially as A — > 0, since Kq is a 
Gaussian centered at p = A~2p with width ^ = By Chebyshev's inequalities, I have the first 
inequality below: 



^Plj 

8M 



sup \E2{K t ) -E2(K )\ > A f 



P 



o<t< 



,\~ 



2{2M) 



<E 
<E 
<4E 



sup \E*{K t ) - E2(K 



o<t< 



SUp 5t 2 + SUp l-E^) -£3(X )| 



^ + |^(^)-^(k )|; 



<8E 
4aT 



E{Kt_)-E{K q ) 

AT 



MAT" 



(9.46) 



where <? 4 is the martingale part in the Doob-Meyer decomposition for E2(K t ), and := xl x >o for 
The second inequality follows by neglecting the increasing part in the Doob-Meyer decompo- 
sition when Ez{Kt) — E^^Kq) is negative. Two applications of Doob's maximal inequality gives the 
third inequality in (|9.46p . and the equality is by Part (2) of Prop. 19.101 The fourth inequality in (|9.46p 
uses the definition for gt and that E^{Ki) — Ez~(Kq) is a submartingale. Thus, I have that 



sup \E*(K t ) - E^{K )\ > A e 

2(2M)5 



o<t< 



Po 



and for small enough A, the first term on the right side of (I9.45P is smaller than 32 °> T A 1 7 2<E also. 

Po 

Proof of \8. 6 A The largest jump for the martingale m\ s over the interval [0, T] is bounded by 



□ 



sup \m\ jS - m A s - < 



0<s<T 



\2 4 
M 



sup x{i- m < ?) 

0<m<N T 
AT 



dt\K+ 



< 



. T_I 
A 2 4 



sup \ 2 \K t 
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By the Cauchy-Schwarz inequality. 
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(9.47) 



□ 



The first expectation on the right side is uniformly finite for small A <C 1 by the inequality \Kt\ 4 < 
AM 2 Et, Doob's maximal inequality, and the bound on the second moments of E% from Part (3) of 
Prop. [9~T0l The second expectation on the right side has order 0(A t ) for arbitrary i > by the proof 
of Lem. 19.91 Thus, I can choose t G (0, | - j) so that (|9.47p tends to zero for small A. 

Lemma 9.12. As A — > 0, there is convergence in probability 
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Proof. By Lem. 19.111 the probability of the event <; > is close to one for A <C 1, and thus with 
probability close to one, the following inequality holds: 
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The right side goes to zero by the argument in the proof of Lem. 18.21 Over an interval t G [r m , r m +i), 
the process K t has the same sign except for isolated Poisson times at which it jumps to the opposite 
sign and back again at the next Poisson time, and thus 
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The inequalities below bound the total duration of the premature sign changes. The first inequality 
below holds since \K t \ G [3I-K7-J, ||-ff Tm |] for t G [r m ,r m+ i): 



Aa 4 
M 



N T 

AT 

4^Lx(r m <?) 

m=l 



Tm + l 



dt X {K t ^K Tm )\K t 



< 



3A"i 
2M 



N T 

AT 



E 



[Ex( 



r m <d|K Tm |E 



.3A2-4 



m=l 



dt X {K t + K Tm ) 



< C— El 

2M L 

i 

N T 

1-1 AT 



m=l 



A 2 4 



M 



m=l 



(9.48) 
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The second inequality in (|9.48j) holds for some C > by Part (2) of Prop. 19.81 For the third inequality, 
I have used that E[Ar m \F T - 1 \ « v~ l \K Tm \ for large ||-KV m | by Part (1) of Prop. 19. 8\ and I have 
doubled the bound to cover the error. By removing the nested conditional expectations, the bottom 
line of (|9.48|) is equal to the following: 
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(9.49) 



for any t > 0. The last inequality uses that the Ar m 's sum up to less than ^ for the first term and 
Lem. 19.91 for the second term. 

□ 

Proof of Part (1) from Lem. \8.1[ I can approximate Y\ s by the expression 
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Tm + l 



dt\K t 



for A <C 1 by Lem. 19.121 The result follows by showing the convergences in probability (i)-(iii) 
below. The differences in (i) and (ii) involve coarse-graining approximations in which the random 
time intervals Ar m are parsed into shorter intervals A m>n with duration on the order 0(|i-Kr TO | ) for 
some P chosen from the interval (0, g). The proofs of the convergences (i) and (ii) are messy and do 
not simplify much from the proof of [SJ Lem. 3. 2], so I do not include them. I introduce the following 
notations: 
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There are the following convergences to zero in probability as A — > 0: 
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EmS x(T m < q)K Trn (AT m - E[Ar m | T T -]) is obtained by the right 



The expression 
term in (ii) minus the expression in (iii). 

(iii) . I will first show that there is a vanishing error in replacing the terms E TAr m I J- - 1 in the 

LI T m J 

expression by v~ x \K Tm \. To bound the difference, I apply Part (1) of Prop. 19^81 to get the first and 
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second inequalities below for C > depending on my choice of < ( < 
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(9.50) 



The third inequality follows by removing the nested conditional expectations, using that \Kt\ < 2p 
for t < <r , and bounding the last term in the sum by the largest. The first and second expressions in 
the fourth line of (|9.50p are bounded respectively using that Ylm=i At to < t and for some C given 
l e (0,7 - |) by Lem. EE The bottom line of (l9~30l) decays as 0(A3" 
I am left to bound the expression 
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By Lem. 19.111 the probability of the event ? > converges to one for small A. For <j > t, the values 
K T change sign for each r m < t, and the sum of terms x{ T m < ^)^T m \K Tm \ can be written as 
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The remainder term on the second line is bounded by x( r N t < OI-^-nJ 2 < 4p 2 and tends to zero as 
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A —7- when multiplied by AZ M 4 . Moreover, by writing 
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and using the triangle inequality, 
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The supremum of \E(p) — for p 6 R is ^O(A) for small A, and the expectation for the sum of 
terms x{ T m < ?) is 0(A2~ 7 ), since 
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where i 6 (0,7 — 5) and the fourth inequality holds since 

Em=i ^ * and b y Lem - The first 



inequality above uses that \K t \ > for £ < and the second inequality applies Part (1) of Prop. l9.8 

Thus, the third line of (|932j) decays as 0(X^^). 

To bound the first term on the right side of (|9.52p . it is convenient to write the summand as 
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where r m is the Poisson time following r m . The times r m are hitting times, and the sum 
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is a martingale, since the terms E(K^ 



E(Kr m ) have mean 



v T m+ i/ - J ^v- Ii r m ; n»vc uicau — — when conditioned on the 
information known at time r m by Part (2) of Prop. ETUI The supremum of the absolute value for (|9.55l) 
over s 6 [0, T] can be bounded through Doob's maximal inequality and techniques used previously. 
The sums associated the other three terms on the right side of (|9.54|) are treated using the counting 
techniques in (|9.53p . 

□ 

Proof of Part (2) from Lem. Iff, il The quadratic variation process for has the following form: 
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I will show the following convergences in probability: 
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(i). The difference in the supremum can be written as + + wjf> for 
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The processes Wl' and are martingales with respect to the filtration J-\ tS , The expectation 

E[(wf r ) 2 ] is equal to the expression in the top line of (|9.56p . Using Part (1) of Prop. 19.81 for the 



first two inequalities below, the second moment of W^ T is bounded through the following inequalities: 
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where the last inequality uses that X^m=i ^T m < t and Lem. l9.9l for 1 S (0, 7—5). I have multiplied the 
bounds in the first two inequalities by 2 to cover the error terms for the approximations of the moments 
E[(Ar m ) n I T r -\ from Prop. ES The third inequality uses that \K Tm \ < 2p = 2poA 2 for r m < ? and 

removes the nested conditional expectations. By Doob's maximal inequality, E [sup 0<s<T | | 2 ] 
converges to zero. 
The expression E[ 

su Po<s<r l^l^l] is bounded by similar applications of Part (1) of Prop. ET8] as 

above, and E[sup < s <^ | W^| 2 ] is bounded using Doob's maximal inequality followed by the standard 
techniques involving Part (1) of Prop. 19.81 
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(ii). By the triangle inequality, I have the first inequality below: 
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For the first term in the second inequality, I have used that ||-Kr m | — p| < A e p for r m < <;. The 
expectation for the supremum of x( T m < ^)Ar m for m < N_t_ increases with order 0(A~2~ l ) as 
A — > for any t 6 (0, 7 — ^) by Lem. 19.91 Thus, the rightmost expression in (|9.57p decays with order 
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